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Abstract. We develop a dilation theory for row contractions T ~ [Ti, . . . ,r„] subject to 
constraints such as 

p(ri,...,T„) = 0, pGP, 
where P is a set of noncommutative polynomials. The model n-tuple is the universal row 
contraction [Bi , . . . , B„] satisfying the same constraints as T, which turns out to be, in a cer- 
tain sense, the maximal constrained piece of the n-tuple [Si , . . . , Sn] of left creation operators 
on the full Fock space on n generators. The theory is based on a class of constrained Poisson 
kernels associated with T and representations of the C*-algebra generated by Bi, . . . , Bn 
and the identity. Under natural conditions on the constraints we have uniqueness for the 
minimal dilation. 

A characteristic function Ot is associated with any (constrained) row contraction T and 
it is proved that 

I - QtOt = KtKt, 

where Kt is the (constrained) Poisson kernel of T. Consequently, for pure constrained row 
contractions, we show that the characteristic function is a complete unitary invariant and 
provide a model. We show that the curvature invariant and Euler characteristic asssociated 
with a Hilbert module generated by an arbitrary (resp. commuting) row contraction T can 
be expressed only in terms of the (resp. constrained) characteristic function of T. 

We provide a commutant lifting theorem for pure constrained row contractions and obtain 
a Nevanlinna-Pick interpolation result in our setting. 



Introduction 

In the last two decades, there has been exciting progress in multivariable dilation theory, 
in the attempt to extend the classical Nagy-Foia§ theory of contractions ^38j . In the noncom- 
mutative case, significant results were obtained in [U], [9], [20], [21], [22], [2l], and recently in 
|10j . Some of these results were further extended by Muhly and Solel [T7] to representations 
of tensor algebras over C*-correspondences. 

The present paper develops a dilation theory for row contractions subject to constraints 
determined by sets of noncommutative polynomials. Our theory includes, in particular, the 
commutative (see [13], [30], and [1]) and g-commutative (see [I], [7]) cases, while the standard 
noncommutative dilation theory for row contractions serves as a "universal model" . 

An n-tuple T := [Ti, . . . , T^] of bounded linear operators acting on a common Hilbert space 
H is called row contraction if 

TT* = TiTl + ■■■ + TnT* < I. 

A distinguished role among row contractions is played by the n-tuple 5" := [^i, . . . , S„] of left 
creation operators on the full Fock space F'^{Hn), which satisfies the noncommutative von 
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Neumann inequality |25j 

||p(ri,...,r„)|| < MS,,...,Sn)\\ 

for any polynomial p{Xi, . . . ,Xn) in n noncommuting indeterminates. For the classical von 
Neumann inequality [39] (case n = 1) and a nice survey, we refer to Pisier's book [19]. Based 
on the left creation operators and their representations, a noncommutative dilation theory 
and model theory for row contractions was developed in [TJ], [9], [20], [21], [22], [21], etc. 
Assume now that T is subject to the constraints 

TjTj TjTi, i,j 1, . . . , ??,. 

In this commutative case, the noncommutative dilation theory can be applied but, in many 
respects, it is not satisfactory due to the fact that the model shift S := [Si, . . . , Sn] does not 
satisfy the same constraints as T. However, the universal commutative row contraction is a 
piece of S, namely 

B ■.= [Bi,...,Br,], Br.= PF^Si\Fl i = l,...,n, 

where C F'^{Hn) is the symmetric Fock space. In this setting, the natural von Neumann 
inequality (see [l3], [30], and [3]) is 

||p(Ti,...,r„)|| < ||p(i?i,...,i?„)|| 

for any polynomial p[zi, . . . , Zn) in n commuting indeterminates. A dilation theory for 
commuting row contractions based on the model shift B := . . . , and its representa- 
tions was considered by Drury [T3] and the author [3D] to a certain extent, and by Arveson 
|3] in greater details. This circle of ideas was extended to row contractions satisfying the 
constraints 

TjTi = QijTiTj, 1 <i < j <n, 

where qij € C. In this setting, a von Neumann inequality was obtained by Arias and the 
author in [T]. This was used further by B.V.R. Bhat and T. Bhattacharyya [7J to obtain a 
model theory for g-commuting row contractions. 

In this paper, we develop a dilation theory for row contractions T := [Ti, . . . ,T„] subject 
to more general constraints such as 

p(Ti,...,r„) = 0, per, 

where "P is a set of noncommutative polynomials. If T is a pure row contraction, then V 
can be any WOT-closed two-sided ideal of the noncommutative analytic Toeplitz algebra 
F^. The model n-tuple is the universal row contraction [Bi,. . . ,Bn] satisfying the same 
constraints as T, which turns out to be, in a certain sense, the maximal constrained piece of 
the n-tuple [S*!, . . . , 5„] of left creation operators on the full Fock space with n generators. 

In Section [H we provide basic results concerning the constrained shift [Bi, . . . ,Bn] and 
the t(;*-closed algebra (resp. C*-algebra) generated by Bi,. . . ,Bn and the identity. We ob- 
tain a Beurling type theorem characterizing the invariant subspaces under each operator 
Bi® Iji, . . . , Bn 1-H: cind a characterization of cyclic co-invariant subspaces under the same 
operators. We also provide Wold type decompositions for nondegenerate *-representations of 
the C*-algebra C*{Bi, . . . , Bn) and prove that two constrained shifts [Bi /t^, . . . , Bn ® In] 
and [Bi I/c, ■ ■ ■ , Bn Ijc] are similar if and only if dim 7^ = dim/C. 

In Section m we develop a dilation theory for constrained row contractions. The theory is 
based on a class of constrained Poisson kernels (see |30j . [T], [35], and [6] for n = 1) associ- 
ated with T := [Ti, . . . , T„] and representations of the C*-algebra generated by Bi, . . . , Bn 
and the identity. In particular, if the set V consists of homogenous polynomials, then we 
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show that there exists a Hilbert space /Cyr such that Ti can be identified with a subspace of 
it ■= {Mj (S> A^) © IC^ and 

T* = V*\n, i = l,...,n, 
where At := (/ - TiT^ T^T*)^/^, 



V, 



Bi ® 



1, . . . ,n, 



n{B^ 

and vr : C*{Bi, . . . ,Bn) B[lC-,j) is a *-representation which annihilates the compact opera- 
tors and 

7r(5i)7r(Bl)* + • • • + TT{Bn)^{Bny = IjC^. 

Under certain natural conditions on the constraints, we have uniqueness for the minimal 
dilation of T. We introduce and evaluate the dilation index, a numerical invariant for row 
contractions, and show that it does not depend on the constraints. 

In Section [3] and Section HI we provide new properties for the standard characteristic func- 
tion Qt associated with an arbitrary row contraction T (see |22)). and introduce a new charac- 
teristic function associated with constrained row contractions. The constrained characteristic 
function is a multi- analytic operator (with respect to the constrained shifts Bi, . . . , Bn) 

Qj,T ■■ Mj (g) Vt' -^M.j(^Vt 
uniquely defined by the formal Fourier representation 

-IMj ®T + {Imj ® At) (^IMj^h -Y^Wi®T*^ [Wi ^ In, ■ ■ ■ ,Wn ^ In] {IKj «> ^t- ) 

(see Section|3]for notations). We prove a factorization result for the constrained characteristic 
function, namely, 

I — 'Sij^tQj^t = Kj,tKj^t^ 
where if j,t is the constrained Poisson kernel associated with T. Consequently, for the class 
of pure constrained row contractions, we show that the characteristic function is a complete 
unitary invariant and provide a model. All the results of Section [4] apply, in particular, to 
commutative row contractions. 

In Section [5l we obtain a commutant lifting theorem for pure constrained row contractions 
and a Nevanlinna-Pick interpolation result in our setting. These results are based on the 
more general noncommutative commutant lifting theorem (see |21] . |24j ) and some results 
from previous sections. 

The above-mentioned factorization result for the characteristic function has important con- 
sequences in multivariable operator theory. We point out some of them which are considered 
in Section [3] and Sectional In [5j, Arveson introduced a notion of curvature and Euler char- 
acteristic for finite rank contractive Hilbert modules over C[zi,... iZn], the complex unital 
algebra of all polynomials in n commuting variables. The canonical operators Ti,...,Tn 
associated with the C[zi, . . . , z^l-module structure are commuting and T := [Ti, . . . , T„] is 
a row contraction with rank At < oo. Noncommutative analogues of these notions were 
introduced and studied by the author in 32j and, independently, by D. Kribs [15]. In this 
paper, we show that the curvature and the Euler characteristic (in both the commutative 
and noncommutative case) depend only on the properties of the characteristic function of T. 

For example, in the commutative case, if T := [Ti, . . . , Tn] is a commutative row contraction 
with rank At < oo, and K{T) and x{T) denote Arveson's curvature and Euler characteristic, 
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respectively, then we prove that 

K{T) = [ Km trace [/ - Qj^^^jMrmdcriO 

trace [&j,,T'8>X,T(Qrn iX" Ivt)] 



rank At — (n — 1)! hm 



n' 



where Qm is the projection of Arveson's space H onto the subspace of homogeneous poly- 
nomials of degree m, and 

rank 

x{T) = n\ lim 



®^c,t6X,T ) {Q<m ® IVj 



where Q<rn is the projection of onto the subspace of all polynomials of degree < m. Here, 
the operator Qj^^t '■ ^r* — > ® T^T stands for the constrained characteristic function 
associated with T, which, in this particular case, is a multiplier (multiplication operator) 
defined by its symbol (for which we use the same notation) 

0Jc,t(2) := -T + At{I - ziTl z„r„*)-i[zi/^, . . . , zM^T-, z € B„, 

which is a bounded operator- valued analytic function on the open unit ball of C". 



1. Constrained shifts: invariant subspaces and Wold decompositions 

In this section we provide basic results concerning the coTistvaificd shift [-^i, • • • , -S^] as- 
sociated with every WOT-closed two-sided ideal J of the noncommutative analytic Toeplitz 
algebra . We obtain a Beurling type theorem characterizing the invariant subspaces under 
each operator Bi ® I-yi, . . . ^ Bn ® I-h, and a characterization of cyclic co-invariant subspaces 
under the same operators. We also provide Wold type decompositions for the nondegenerate 
♦-representations of the Toeplitz C*-algebra C*{Bi, . . . , i3„) generated by . . . , i3„ and the 
identity. The dilation theory developed in the next sections will be based on the constrained 
shift [Bi,...,Bn]. 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis ei, 62, 
where n G {1, 2, . . . }. We consider the full Fock space of Hn defined by 

fc>0 

where H^^ := CI and H^^ is the (Hilbert) tensor product of k copies of Hn- Define the left 
creation operators Si : F'^{Hn) F'^{Hn), i = 1, . . . , n, by 

Sup := eiiSup, (peF'^{Hn). 

The noncommutative analytic Toeplitz algebra F^ and its norm closed version, the non- 
commutative disc algebra An, were introduced by the author [25], [26], [28j in connection 
with a multivariable noncommutative von Neumann inequality. F^ is the algebra of left 
multipliers of the Fock space F'^{Hn) and can be identified with the weakly closed (or w*- 
closed) algebra generated by the left creation operators S'i,...,5„ acting on F'^{Hn), and 
the identity. The noncommutative disc algebra An is the norm closed algebra generated by 
Si, . . . ,Sn, and the identity. When n = 1, F^ can be identified with //°°(B), the algebra 
of bounded analytic functions on the open unit disc. The noncommutative analytic Toeplitz 
algebra F^ can be viewed as a multivariable noncommutative analogue of H°°{D). There 
are many analogies with the invariant subspaces of the unilateral shift on H'^[n), inner-outer 
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factorizations, analytic operators, Toeplitz operators, i7°°(B)-functional calculus, bounded 
(resp. spectral) interpolation, etc. 

Let be the unital free semigroup on n generators gi, . . . ,gn, and the identity qq. The 
length of a G F+ is defined by \a\ := k if a = QiiQii • ■ ■ gi^., and \a\ := if a = go- 
lf Ti,...,Tn € B{Ti.), the algebra of all bounded operators on a Hilbert space H, define 
Ta ■■= Tij^Ti2 ■ ■ ■ Ti^^ if a = Qi^gi^ ■ ■ ■ gi^^ and Tg^ := In- Similarly, we denote := ei^®- ■ - ^ei^ 
and := 1. 

We need to recall from [22], [23], [25], [26], [27], and [33] a few facts concerning multi- 
analytic operators on Fock spaces. We say that a bounded linear operator M acting from 
F'^{Hn) /C to F'^{Hn) ® K! is multi-analytic if 

M{Si (g) Ik) = {Si (g) Ijc')M for any i = 1, . . . , n. 

Notice that M is uniquely determined by the "coefficients" 6'(„) G B{K,,K,') given by 

k') := (M(l O A:), e„ A;') , k e IC, k' e K.' , a G F+, 

where 5 is the reverse of q, i.e., o. = gi^ - ■ ■ gi^ \i a = gi-^ ■ ■ ■ gi^. We can associate with M a 
unique formal Fourier expansion 

M{Ri,...,Rn) := ^ Ra 0(a), 

where Ri := U*SiU, i = 1, . . . ,n, are the right creation operators on F'^{Hn) and U is the 
(flipping) unitary operator on F'^{Hn) mapping e^^ (g Cjj (g • ■ ■ (g ej^, into ei^, ® ■ ■ ■ ® ei^ ® ei^. 
Since the operator M acts like its Fourier representation on "polynomials", we will identify 
them for simplicity. Based on the noncommutative von Neumann inequality, we proved that 

oo 

M(i?i,...,i?„) = SOT-lim^ rl"li?,g5 0(,), 

^ fc=0|a|=A: 

where, for each r G [0, 1), the series converges in the uniform norm. Moreover, the set of all 
multi-analytic operators in B{F^{Hn) IC,F'^{Hn) JC') coincides with R^®B{1C,1C'), the 
WOT-closed operator space generated by the spatial tensor product, where = U*F^U. 
A multi-analytic operator is called inner if it is an isometry. 

Let J be a WOT-closed two-sided ideal of F^ such that J ^ F^, and define the subspaces 
of the full Fock space F'^{Hn) by setting 

Mj:=lW{Hn) and Mj := F''{Hn) Q Mj. 

Notice that 

Mj = {ip{l) : if ^ J} and TVj = Q ker 99* . 

Based on a Beurling type theorem [22j for the left creation operators Si, ... , S„, a charac- 
terization of all VFOT-closed two-sided ideal of F^ was obtained by Davidson and Pitts in 

One can easily obtain the following result. 
Lemma 1.1. Let J he a WOT-closed two-sided ideal of F^ . 

(i) // /(O) = for any f eJ, then 1 G Mj. 

(ii) Mj ^O if and only if J ^ F^ . 

(iii) The subspaces Afj and UMj are invariant under S^, . . . ,S* and R^, . . . , i?* . 
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Proof. The first part is obvious. The second part is a consequence of the fact (see [l], [12] ) 
that, for any tp £ F,^, 

d{v,J) = \\PxMSl,---,SnMj\\. 

Part (iii) is straightforward. □ 

Define the constrained left (resp. right) creation operators by setting 

Bi := PMjSilMj and Wi := PMJR^\^fJ, i=l,...,n. 

Let W{Bi, . . . , Bn) be the ti;*-closed algebra generated by -Bi, . . . , Bn and the identity. We 
proved in [1] that W{Bi, . . . ,Bn) has the Ai(l) property and therefore the w* and WOT 
topologies coincide on this algebra. Moreover, we showed that 

WiBi, ...,Bn)= PMjF^Wj = {f{Bi, ...,Bn): . . . , 5„) G i^^}, 

where, according to the F^-functional calculus for row contractions |26| . 

f{Bi, ...,Bn) = SOT- hm f{rBu rB^). 

r— >1 

Note that if G J, then ip{Bi, ... , Bn) = 0. Similar results hold for W{Wi, ... , Wn), the 
iz;*-closed algebra generated by Wi, . . . , Wn and the identity. Moreover, we proved in [Ij that 

W{B,,...,Bn)' = W{Wu...,Wn) and W{Wu ■ ■ ■ ,Wn)' = W{Bi, . . . , B^), 

where ' stands for the commutant. An operator M G B{Nj ® K,,Mj C?) JC') is called multi- 
analytic with respect to the constrained shifts Bi, . . . , Bn if 

M{Bi(S)Iic) = {Bi(S)Iic')M, i = l,...,n. 

If in addition M is partially isometric, then we call it inner. We recall from [33] that the set 
of all multi- analytic operators with respect to Bi, . . . , Bn coincides with 

WiWi, Wn)^B{IC, K') = Pmj^k' [K®B{K, 1C')]\Nj ® /C, 
and a similar result holds for the algebra >V(-Bi, . . . , Bn). 

The next result provides a Beurling type theorem characterizing the invariant subspaces 
under the constrained shifts -Bi , . . . , Bn . 

Theorem 1.2. Let J / he a WOT-closed two-sided ideal of and let Bi, ... ,Bn he 
the corresponding constrained left creation operators on Afj. A subspace A4 C A/j ® IC is 
invariant under each operator Bi^I/c, i = 1, . . . ,n, if and only if there exists a Hilhert space 
Q and an inner operator 

e{Wi, . . . , G w{Wi, Wn)^B{g, k.) 

such that 

(1.1) M = Q{Wu...,Wn){Mj(i^G). 

Proof. According to Lemma fl.ll the subspace A/j (8) is invariant under each operator S*<SiIj<z, 
i = 1, . . . ,n, and 

{S* (g> Itc)Wj (g) IC = B* (g) lie, i = 1, . . . , n. 

Since the subspace [Mj ^ IC] Q ^A is invariant under B* I/c, i = 1, . . . , n, we deduce that 
it is also invariant under each operator S* <Si lie, i = 1, ■ ■ ■ ,n. Therefore, the subspace 

(1.2) S := [F\Hn) /C] e {[Mj (glC]eM} = [Mj®}C](BM 

is invariant under Si^I/c, i = 1, . . . ,n, where Mj := F^{Hn) Q A/j. Using the Beurling type 
characterization of the invariant subspaces under the left creation operators (see Theorem 
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2.2 from [22]) and the characterization of multi- analytic operators from [23 (sse also [33J), 
we find a Hilbert space Q and an inner multi- analytic operator 

Q{Ri,...,Rn) e R^m{G,iq 

such that 

£: = e(iii,...,fl„)[F2(//„)®g], 

where . . . , Rn) is essentially unique up to a unitary diagonal multi-analytic operator. 

Since 0(i?i, . . . , is an isometry, we have 

(1.3) Pe = e(i?i, . . . , i?„)e(i?i, . . . , Rn)\ 

where is the orthogonal projection of F'^{Hn) (8) /C onto 8. According to Lemma ll. 11 the 
subspace Nj ®K, \s invariant under the operators R* ® Ifc, i = ■ ■ ■ in. Moreover, using the 
remarks preceding the theorem we have 

e(T^i, ...,Wn) = Pk,®kQ{Ri, Rn)Wj ® JC. 

Hence, and compressing equation (jl.3p to the subspace A/j (8> JC, we obtain 

P^j^icPelMj ®1C = Q{Wi, Wn)e{Wi, . . . , Wn)*. 

Notice that, due to (|1.2p . the left hand side of this equality is equal to Pm, the orthogonal 
projection of A/j (X" /C onto A4. Hence, 

Pm = eiWi,...,Wn)e{Wi,...,Wny 

and @{Wi, . . . , Wn) is a partial isometry. Therefore, 

M = eiWu...,Wn)[Mj(S)g] 

and the proof is complete. □ 

We remark that in the particular case when the ideal J is generated by the polynomials 
SiSj — SjSi, i, j = 1, . . . ,n, then Afj = F^, the symmetric Fock space, and Bi, i = 1, . . . ,n, 
are the creation operators on the symmetric Fock space. In this case Theorem 11.21 provides a 
Beurling type theorem for Arveson's space which was also obtained in |16j using different 
methods. 

From now on, throughout this section, we assume that J is a WOT-closed two-sided ideal 
of such that leMj. 

Theorem 1.3. Let J be a WOT-closed two-sided ideal of F^ such that 1 G A/j. Then all 
the compact operators in B{Mj) are contained in the operator space 

span{5aS| : a,/3GF+}. 

Moreover, the C* -algebra C*{Bi, . . . ,Bn) is irreducible. 

Proof. Since Afj is an invariant subspace under each operator S*, i = 1, . . . , n, and contains 
the constants, we have 

Ij\fj - BiB* - ■ ■ ■ — BnB* = Pj\fj{I — SiSI — ■ ■ ■ — SnS*)\J\fj 

= P^,Pc\Mj 

_ pMj 

where P^'-' is the orthogonal projection of Aj onto C. Let 

g{Si,...,Sn) := ^ aaSa and ^ := ^ 6/36/3 G AO C F^(-ff„). 

\a\<m /3eF+ 



8 GELU POPESCU 

Notice that 

|a|<m |a|<m 

= U Yl a^e^\ = {C,giBi,...,Bn){l)). 

\ |a|<m / 

Therefore, 

(1.4) f{Bi, Bn)P^'g{Bi,. . . ,i?„)*e = {^,g{Bi,. . . ,i?„)(l)) f{Bi, . . . , i?„)(l) 

for any polynomial f{Bi, ... , B^) := Yl C7-B7. Hence, f{Bi, Bn)P^'' 9{Bi, Bn)* is 

|7|<P 

a rank one operator in B{J\fj). Moreover, since P^-' = I_\fj — BiB^ — ■ ■ ■ — BnB^, we deduce 
that the above operator is also in the operator space span{i?Q,S^ : a,(3 G F+}. 

Since the polynomials ^ € N, aQ, € C, are dense in F'^{Hn), it is clear that 

|o|<m 

the set 

C:= < Y ^c,Ba (1) : m G N, G 

, \|a|<m / 

is dense in Mj. Using this density and relation (jl.4p . we deduce that all compact operators 
in B{J\fj) are included in the operator space s^En.{BaB*p : a,f3 & ^i}- 

To prove the last part of this lemma, let M he a nonzero subspace of Afj which is jointly 
reducing for . . . , i?„. Take / G Al, / 7^ and assume that / = oo + Yl o-a^a- If 0/3 is a 

|a|>l 

nonzero coefficient of /, then 

(1.5) 5^/ = P^jS^f = P^-j a/3 + X] "/^-re-) 

\ l7l>l 

is in M. Since 1 G A/jj we have {Pj\jje^, 1) = (e^, 1) = for any 7 G F,^ with I7I > 1. Hence, 
we deduce that 

Pv'jl = 1 and PcPjVj 'Y "/37^7 = 0- 

\l7l>i / 

Therefore, relation (|1.5p implies PcPjKfjf = ap. 

On the other hand, since P^-' = Ij^j — BiBl — - ■ -—BnB^ and Af is reducing for Bi, . . . , Bn, 
we infer that o/j G A^, so 1 G Using again that M is invariant under Bi,. . . ,Bn, we 
have C Q ^A. Since C is dense in Afj, we deduce that Mj C Ai and therefore A/j = A4. This 
completes the proof. □ 

We say that two row contractions [Ti, . . . , T„], Tj G B{TC), and [T[, . . . , T^], T/ G B(H'), 
are unitarily equivalent if there exists a unitary operator U : TC ^ Ti.' such that = U*T-U 
for any z = 1, . . . , n. If . . . , Bn] is a constrained shift as above, then [i?!®/?^, . . . , Bn<^In] 
is called constrained shift with multiplicity dim 7^. 

Proposition 1.4. Two constrained shifts are unitarily equivalent if and only if their multi- 
plicities are equal. 
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Proof. Let [Bi !■}{,... , Bn (8) In] and [Bi (g) /•h/, . . . , Bn'S In'] be two constrained shifts and 
let U : A/j (8) W — > A/j (8) W be a unitary operator such that 

U{Bi®In) = {Bi<^In')U, i = l,...,n. 

Since [/ is unitary , we deduce that 

U{B* ® In) = {B* ® In')U, i = l,...,n. 

Since, according to Theorem 11.31 the C*-algebra C*{Bi, . . . ,Bn) is irreducible, we infer that 
U = Ij\fj (8) W for some unitary operator W £ B{7{,H'). Therefore, dimH = dim 7^'. The 
converse is obvious. □ 

We need a few more definitions. Let S C B{IC) be a set of operators acting on the Hilbert 
space /C. Denote by A{S) the nonself adjoint algebra generated by S and the identity, and 
let C*(<S) be the C*-algebra generated by S and the identity. A subspace W C /C is called 
*-cyclic for S if 

/C = \/{Xh : X G C*iS), h G n}, 
i.e., IC is the smallest reducing subpace for S which contains H. We call TC cyclic for S if 



/C = \/{Xh : X G A{S), hen}, 

i.e., /C is the smallest invariant subpace under <S which contains Tl. Finally, a subspace 7^ C /C 
is called co-invariant under S if X*'H C for any X e S. 

Theorem 1.5. Let J be a WOT-closed two-sided ideal of such that 1 G A/j and let T> 
be a Hilbert space. If M Q Mj ®T> is a co-invariant subspace under Bi Ixi, i = 1, . . . ,n, 
then there exists a subspace £" C D such that 

(1.6) span {{Ba(S)Iv)M : a =Mj(®£. 

Proof. Denote by Pq := Pc^Iv the orthogonal projection oiNj^V onto the subspace 1®T>, 
which is identified with T>. Define the subspace f C by setting £ := PqM and let / be a 
nonzero element of M. having the Fourier representation 



/ = ^ eo, (g) /la, /iq G V. 



Let (3 G be such that hp and note that 

{BI ® Iv)f = {Pmj ® Iv){S} ® Iv)f 

^'^'^^ = {PNj O ( 1 (8 /i/3 + 5^ 

\ l7l>l 

As in the proof of Theorem 11.31 since 1 G A/j, we have /Vjl = 1 and P^Pj^jC^ = for 
I7I > 1. Hence and using (jl.7p . we obtain Pq{B*p (8 Iv)f = hp. Since A4 is a co-invariant 
subspace under Bi (8 Iv-, i = 1, . . . , n, it is clear that hp G £. Using this and taking into 
account that 1 G Aj, we deduce that 

{Bp (g) Iv){l <8) hp) = Pj^jCp ®hpeMj®£. 
Now, since f e M CI J\fj (8 T), we infer that 

/ = {PMj ® Iv)f = lim PMjdls <8 hp 

K— >00 ' 

\a\=k 
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is in A/j (8) £■ This shows that Ad C Nj ® £ and therefore 

y:=s^{{Bc,®Iv)M: a G F+} C A/"j ® f . 

For the other inclusion, we prove first that £ <Z y. If /lo G £, ho 7^ 0, then there exists 
g M such that g = 1 ^ ho + ha- Due to the first part of the proof, we have 

l"l>i 

ho = Pog =(^I- YliB, It>){B^ It>)*^ g. 

According to the proof of Theorem 11.31 we have P^'' = Ij\fj — '^^^i BiB*. Using this and 
the fact that M. is co-invariant under Bi® Ij), i = 1, . . . , n, we deduce that ho ^y for any 
ho € f , i.e., £ d y. The latter inclusion shows that {B^ -fr>)(l ® C 3^ for any a G F+, 
which implies 

(1.8) PMjea®£(iy, aGF+. 

Let if G J\fj ® £ C F'^{Hn) £ he with Fourier representation ip = ^ Ca (S> ka, ka & £■ 
Using relation (jl.Sp . we have 

^ = {PMj ® h)g = lim iVjCo ®kaey. 

\a\=k 

Therefore, Mj <8> f ^ 3^, which completes the proof. □ 

Corollary 1.6. Let J he a WOT-closed two-sided ideal of such that 1 G Afj and let T) 

he a Hilhert space. Let M. C A/j ®V he a co-invariant subspace under Bi®Lx>, i = I, . . . ,n. 
Then the following statements are equivalent: 

(i) M. is a cyclic subspace for B-i® Lx>, i = 1, . . . ,n; 

(ii) PoM = V; 

(iii) M^f]V = {0}. 

Proof. The equivalence (i) <-> (ii) is clear from Theorem 11.51 and the definition of cyclic 
subspace. To prove that (ii) <-> (iii), notice first that if there exists h G Ai-^f]!), h 0, 
then taking into account that TW"*- is invariant under Bi I-p, i = 1, . . . , n, we deduce that 
TVj (Si h C A4^. This shows that h ^ PoM. which means that PqAA is not equal to D. Now, 
assume that there exists A; G P, A: ^ 0, such that k _L PoM- Since 1 G A/j, we have k ^ A4 
which shows that k £ DP\ A4^. The proof is complete. □ 

Corollary 1.7. Let J he a WOT-closed two-sided ideal of such that 1 G TVj and let 

V he a Hilbert space. A subspace M. C J\fj ^ V is reducing under each operator Bi (g) Ix>, 
i = 1, . . . ,n, if and only if there exists a subspace £ QV such that 

M=Mj®£. 

The next result, is a Wold type decomposition for nondegenerate ^-representations of the 
C*-algebra C*{Bi, . . . ,Bn). 

Theorem 1.8. Let J he a WOT-closed two-sided ideal of F^ such that 1 G J\fj, and let 
TT : C*{Bi, . . . , Bn) B{JC) he a nondegenerate * -representation of C*{Bi, . . . , Bn) on a 
separable Hilhert space fC. Then tt decomposes into a direct sum 

vr = vTo © TTi on /C = /Co©/Ci, 
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where ttq, tti are disjoint representations of C*{Bi, . . . ,Bn) on the Hilbert spaces 

/Co := span|7r(5^) ^7r(Bi)7r(Si)*^ /C : a G and /Ci := /Cj", 

respectively, such that, up to an isomorphism, 

(1.9) ICo ^Mj®g, TTo{X)=X®Ig, XeC*{Bi, 

for some Hilbert space Q with 
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d\m.Q = dim 



range / - ^ 7r(Si)7r(Si)* 



and TTi is a * -representation which annihilates the compact operators and 

7ri(Si)7ri(Bi)* + • • • + 7ri(5„)7ri(S„)* = I^,. 

Moreover, i/vr' is another nondegenerate * -representation of C*{Bi, . . . ,Bn) on a separable 
Hilbert space K,' , then vr is unitarily equivalent to tt' if and only if dim Q = dim^' and vri is 
unitarily equivalent to tt[. 

Proof. Since the subspace Afj contains the constants, Theorem 11.31 imphes that all the com- 
pact operators CC{J\fj)) in B{J\fj) are contained in C*{Bi, . . . ,Bn). According to the stan- 
dard theory of representations of the C*-algebras, the representation vr decomposes into a 
direct sum vr = ttq © vri on K = Kq ® K,i, where 

/Co := span{7r(X)/C : X G Ce{Mj)] and /Ci := /Cq , 

and the the representations vTj : C* {Bi, . . . , Bn) JCj are defined by iTj{X) := 7r(X)|/Cj, 
j = 0, 1. Now, it is clear that ttq, tti are disjoint representations of C*{Bi, . . . , Bn) such that 
TTi annihilates the compact operators in B{J\fj), and ttq is uniquely determined by the action 
of vr on the ideal CC{Afj)). Since every representation of CC{J\fj)) is equivalent to a multiple 
of the identity representation (see [3]), we deduce (jl.9p . Now, we show that the space /Co 
coincides with the one defined in the theorem. Using Theorem 11.31 and its proof, we deduce 
that 

/Co := span{7r(X)/C : X G CC{Mj)} 
= s^{tt{B^P^'B*p)1C: a,/3GF+} 

7r(i3„) ( / - ^7r(A)^(A)* ) ^ : « ^ F+ I . 



span 



i=l 



n 

On the other hand, since P^'' = I — Yl BiB* is a rank one projection in C*{Bi, . . . , Bn) 



i=l 



(see Theorem 1 1.3p . we deduce that ^ 7ri(i?j)7ri(i?j)* = I/c-^, and 



i=l 



dimt/ = dim 



range TT[l^^ 



dim 



range / - ^ 7r(5,)7r(B,)* 



i=l 



To prove the uniqueness, note that according to the standard theory of representations of 
C*-algebras, vr and tt' are unitarily equivalent if and only if ttq and tTq (resp. vri and vr^) are 
unitarily equivalent. Using Proposition II. 41 we deduce that dimQ = dim^' and complete the 
proof. □ 
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Corollary 1.9. Under the hypotheses and notations of Theorem \1.8\ and setting Vi := 7r(i?j), 
i = 1, . . . ,n, we have: 

n n 

(i) Q ■= Ik. — ^i^i* ^-^ '^'^ orthogonal projection and QIC = f] kerV*; 



i=l 



(ii) /Co = < A; G /C : lim ^ = ^ ; 



k—^00 



\a\=k 



(iii) JCi = \ kelC: Yl ll^a^f = ll^f for any k = l,2,. 

{ \a\=k 

(iv) SOT- lim J2 VaV* = PK,; 



fc— >CXD 



a\=k 



(v) E E K.gK.* = ^^o; 

fc=0 |a|=fc 



Proof. Since Ij\fj — E ^i-^j* = -^c ^ ™ orthogonal projection (see the proof of Theorem 



1.3p . so is Q = 7r(i^-'). Therefore, 



Q/C = |a; e /C : (^^ - Viytj k = k 

n 

= f|kerF;, 



i=l 



i=l 



which proves (i). Using Theorem 11.81 we have 
(1.10) 



a|=fc 



a\=k 





Since A/j is co-invariant under S*!, . . . , 5„, and B* = S*\Nj, i = 1, . . . , n, we have 



SOT- lim y 5^5* ®Ig = SOT- Mm 



\a\=k 



k^oo 



\a\=k 



lg = 0. 



The latter equality holds due to the fact that [Si, ... , 5^] is a pure contraction. Therefore, 
(iv) holds. Hence, and taking into account that 

m 

i=l |o|=fc |a|=m+l 



we deduce (v). Now, let A; S /C = /Co © /Ci, /c = /cq + fei, with ko € /Cq and ki € /Ci. By (jl.lOp . 
we have 



:i.ii) 



\a\=m 



\a\=m 
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Hence, lim II^q^IP = if ^^'^ ^^^J if = 0) i-^-, k = E /Co, which proves (ii). 

m— >oo I I 

\a\=m 

On the other hand, (fLTTTl shows that Yl = II^IP for any m = 1, 2, . . ., if and only 

\a\=m, 

if ( J2 BaB^ (g) Ig k(), ko ) = ||A;o|P for any m = 1, 2, . . .. Since [Bi, . . . , S^] is a pure 

\Vi«i=m / / 

row contraction, SOT- hm ^ B^B^ = 0. Therefore, the above equahty holds for any 

\a\=m 

m = 1, 2, . . ., if and only if ko = 0, which is equivalent to A; = fci G /Ci. This completes the 
proof. □ 

Corollary 1.10. Let tt be a nondegenerate * -representation ofC*{Bi, . . . , Bn) on a separable 
Hilbert space JC, and let Vi := ^{Bi), i = l,...,n. Then the following statements are 
equivalent: 

(i) y := ["Vi, . . . , Vn] is a constrained shift; 

(ii) /C = si5an |y„ (^I - E ViV*^ K : a G F+| ; 

(iii) SOT- lim ^ V^y* = 0. 

In this case, the multiplicity ofV [denoted by mult(y)) satisfies the equality 

(1.12) mult {V) = dim(/ - ViV^ VnV*)lC, 

and it is also equal to the minimum dimension of a cyclic subspace for Vi, . . . ,Vn- 

Proof. The above equivalences are consequences of Corollary II. 9( and relation (I1.12P follows 
from Theorem 11.81 We prove the last part of the corollary. According to (ii) and Corollary 
[LSI 

n 

C:=f]v* = {i-ViV{ VnV:)K: 

i=l 

is a cyclic subspace for Vi, . . . , T4- Now, let £ be any cyclic subspace for Vi, . . . ,Vn, i.e., 
/C = V Va£, and denote A := Pc\£ G B{£,C), where Pc is the orthogonal projection of /C 

onto C Assume that k ^ CQ T£ and let /i G Notice that 

{h,k) = {h,Pck) = {Ah,k) = 0. 

On the other hand, since V*k = for any /c G £, we have {Vah, k) = for any a G with 
\a\ > 1. Therefore, k _L Va£ for any a G F+. Since £" is a cyclic subspacefor Vi, . . . ,Vn, we 
deduce that k = 0, and therefore A£ = L. This shows that A* G B{C,£) is one-to-one and, 
consequently, dim^C < dim£. This completes the proof. □ 

An easy consequence of Corollary 11.101 and Proposition 11.41 is the following. 

Proposition 1.11. Two constrained shifts are similar if and only if they are unitarily equiv- 
alent. 

Proof One implication is obvious. Let V := [Vi, . . . ,Vn], Vi e B{K.), and V' := [Vl, . . . , V^], 
V- G B {)€'), be two constrained shifts and let X : IC ^ )C' be an invertible operator such that 



XVi = Vi'X, i = l,...,n. 
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If is a cyclic subspaces for Vi, . . . ,Vn, then 

IC' = XK = x{ \l VaM I 

\ae¥+ J 

C \J XVaM = \J V^XM C K'. 

Therefore, K,' = VaeF+ ^L-^-^i which shows that XM is cyclic for V' . Since X is invertible, 
dim M = dim XAA . Hence an using Corollary 11.10^ we conclude that the two constrained 
shifts have the same multiplicity. By Proposition 11.41 the result follows. □ 



2. Dilations for constrained row contractions 



In this section we develop a dilation theory for row contractions T := [Ti, . . . ,T„] subject 
to constraints such as 

p(ri,...,r„) = 0, pev, 

where P is a set of noncommutative polynomials. The model n-tuple is the universal row 
contraction , . . . , satisfying the same constraints as T. The theory is based on a 
class of constrained Poisson kernels associated with T and representations of the C*-algebra 
generated by Bi, . . . , Bn and the identity. Under natural conditions on the constraints we 
have uniqueness for the minimal dilation. We introduce and evaluate the dilation index, a 
numerical invariant for row contractions, and show that it does not depend on the constraints. 
These results are used in the next sections in connection with characteristic functions and 
models for constrained row contractions. 

We need to recall from [30j a few facts about noncommutative Poisson transforms associ- 
ated with row contractions T := [Ti, . . . ,T„], Tj € B(H). For each < r < 1, define the 
defect operator At^v '■= {I — r^TiTj* — • • • — r'^TnT*)^^'^ . The Poisson kernel associated with 
T is the family of operators 

KT,r : n F^{Hn) ® A^yR, < r < 1, 

defined by 



(2.1) KT,rh := 5^ e« ^ r^'^^ AT,rT*h, hGH. 

k=0 \a\=k 

When r = 1, we denote At ■= At,i and Kt '■= i^T,i- The operators Kt^v are isometries if 
< r < 1, and 

K^Kt = I - SOT- lim TaT*. 

\a\=k 

This shows that Kt is an isometry if and only if T is a pure row contraction ([2T]), i.e., 

SOT- lim = 0- 

\a\=k 

A key property of the Poisson kernel is that 

(2.2) KT,r{r^''^T*) = (5; O I)KT,r for any < r < 1, a G F+. 
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In [30], we introduced the Poisson transform associated with T : — [^ii • • • > 

1 as the unital 

completely contractive linear map ^'r : C*{Si, . . . , Sn) B{H) defined by 



where the limit exists in the norm topology of B{7i). Moreover, we have 



When T is a completely non-coisometric (c.n.c.) row-contraction, i.e., there is no /i € Ti, 
/i / 0, such that 

5^ \\T*hf = \\hf for any A; = 1,2,..., 

\a\=k 

an F^-functional calculus was developed in [26]. We showed that if / = o^aSa is in F^, 
then 

oo 

TtU) = /(Ti, ...,Tn):= SOT-lhn^ ^ rl^la^T, 

^ k=0 \a\=k 

exists and Tt '■ is a WOT-continuous completely contractive homomorphism. 

More about noncommutative Poisson transforms on C*-algebras generated by isometries can 
be found in [30], [l], [H], [32], and [M]- 

Throughout this section we keep the notations from Section [TJ Let J ^ F.^ be a WOT- 
closed two-sided ideal of F,^ generated by a family of polynomials Vj C F^ and let 
T := [Ti, . . . , Tn], Ti £ B{?i), be a row contraction such that 

p{Ti, . . . , r„) = for any p G Vj. 

Let V and /C be Hilbert spaces and let Zi G -B(/C) be bounded operators such that [Zi, . . . , Zn] 
is a Cuntz row contraction, i.e., 

ZiZ* + • • • + Zn.Z* = Ifc- 
An n-tuple V := [Vi, . . . , Vn] of operators with 



(2.3) Vi :-- 



Bi^I-D 
Zi 



,n. 



where the n-tuple [Bi , . . . , is the constrained shift associated with J, is called constrained 
(or J -constrained) dilation of T if: 

(i) p{Vi, . . . , K) = for any p G Vj] 

(ii) ?Y can be identified with a co-invariant subspace under Vi, . . . ,Vn such that 

T, = PnVi\n, i = l,...,n. 
The dilation is minimal if Ti is cyclic for Vi, . . . ,Vn, i.e., 

(A0o^5)e/c= V Va,n. 

aeF+ 

We introduce the dilation index of T, denoted by dil-ind (T), to be the minimum dimension 
of D such that y is a constrained dilation of T. 

Our first dilation result for constrained row contractions is the following. 
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Theorem 2.1. Let J ^ be a WOT-closed two-sided ideal of generated by a family 
of polynomials Vj C F^ and let T := [ri,...,r„], Tj € B{7i), be a row contraction such 
that 

(2.4) p(Ti,...,r„) =0 for any peVj. 

Then there exists a Hilbert space K, and some operators Zi G B{]C) with the properties 

Z\Z\ + • • • + ZnZ^^ = Ijc 

and 

p{Zi,...,Zn) =0 for any peVj, 

such that: 



(i) Ti. can be identified with a co-invariant subspace of IC := (A/j ® AxTi.) © /C under the 
operators 

\Bi ■ 



Vi 



,n; 



Zi 
(ii) T* = V*\n,i = l,...,n. 
Moreover, IC = {0} if and only if [Ti, . . . , T„] is a pure row contraction. 

Proof. Consider the subspace 

M := sm{SaP{Si, Sn)Sfs{l) : peVj,a,l3 e¥t}. 

It is clear that M Mj. To prove that A^j C A^, it is enough to show that M-^ C Mj. 
Let g G F'^{Hn) be such that 

{g,So,p{Si,...,Sn)Sp{l)) =Q for any p G T'j, a, /3 G F+. 

It is known (see [T], [T^]) that for any (/^(S'l, . . . , S'„) G F^, there is a sequence of polynomials 
{(lm{Si, ■ ■ ■ , Sn)}^=i which is SOT-convergent to ^p{Si, . . . , 5„) as m ^ oo. Consequently, 

{g, ifiSi, Sn)p{Si, Sn)Si3{l)) = 

for any (p{Si, . . . , 5„) G p G Vj, and a, /3 G F+. Hence, g G Mj. Therefore, Mj = M. 

Now, using the properties of the Poisson kernel Kt (see (|2.2p ) and that p{Ti, . . . , Tn) = 
for any p £ Vj, we obtain 

{KTk,SaP{Si,...,Sn)Sf3ii)®h) = (fc, T„p(ri , . . . , r„)T^ At/i) = 



for any k £ TL, h £ ^t'H, and p ^Vj. Since M.j = M., we infer that 
(2.5) rangei^T ^ (A/Jj «) A^)"^ = AO ® A^. 



Consider the constrained Poisson kernel Kj^t : 7^ ^ A/j ^ Axfi defined by 

Kj,T ■■= [PMj ® Ia^)Kt, 
where Kj- is the Poisson kernel defined by (12. ip . Using relations ()2.2p and ()2.5p . we obtain 
(2.6) irj,TT^ = (5; /w)i^j,r, a G F+. 

Define the contraction Q := SOT- lim ^ T^T^ and the operator 



y : ?^ ^ /C := by F/i := Q^/^;^, h e H. 

For each i = 1, . . . , n, define Aj : Q^/'^TL — > /C by setting 
(2.7) AiF/i := y7;*/i, /i G ?^. 
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The operators Aj, z = 1, . . . , n, are well-defined since 

n In \ 

i=l \i=l I 

Therefore the operator Aj can be extended to a bounded operator on IC, which will also be 
denoted by Aj. Now, setting Zj := A*, i = 1, . . . , n, relation (j2.7p implies 

(2.8) 

Notice that 



Y*Zi = T,Y\ i = l,...,n. 



Y* [ ^ ZiZ*j ^ = Y1 TiY*YT* 

n 

= Y^TiQT* = Q = YY*. 



i=l 



Hence, 



ZiZ* I Yh, Yh \ = (Yh, Yh) 



which implies ^ Z^Z* = Ifc- Using relations (|2.8|) and (|2.4|) . we get 



i=l 



Y*p{Zu...,Zn)=p{Ti,...,Tn)Y* = 0, peVj. 



Since Y* is injective on /C = YH, we deduce that p{Zi, . . . , Z^) = for any p G Vj. 
Define the operator V : Ti ^ [A/j © /C by setting 



V :-- 



Y 



Note that 



\Vhf = \\Kj^Yhf + \\Yh\\' 



SOT-^lim ( Y T^T*) + \\Yh\\' 



^|a|=fc 



{Qh,h) + {Qh,h) 



\h\ 



for any h ^ Tl. Therefore, V is an isometry. On the other hand, using relations (j2.6p and 
(12.71). we deduce that 



VT* 



Kj,T 

Y 



T*h = KjTT*h®YT*h 



{B* <g) lH)Kj^Th © Z*Yh 



Z* 



Vh. 



Since V is an isometry we can identify Ti with V7i and complete the proof of (i) and (ii). 
The last part of the theorem is obvious. □ 



Corollary 2.2. In the particular case when n = 1 and Vj = 0, we obtain the classical iso- 
metric dilation theorem for contractions obtained by Sz.-Nagy {see [38]) by different methods. 
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Now we can evaluate the dilation index of a constrained row contraction and show that 
it does not depend on the constraints. Moreover, we show that the dilation index coincides 
with rank Ay, which is also called the pure rank of T in |10j . 



Corollary 2.3. Let J ^ he a WOT-closed two-sided ideal of generated by a family 
of polynomials Vj C F!^ and let T := [Ti, . . . ,Tn], Ti € B{7i), be a row contraction such 
that 

p{Ti, . . . , r„) = for any p G Vj. 
Then the dilation index of T satisfies the equation 

dil-ind (T) = rankA^- 

Proof. Let T) and /C be Hilbert spaces and let Zi £ B{IC) be bounded operators such that 

ZiZ* + • • • + Zn.Z* = Ifc- 

Assume that the n-tuple V := [Vi, . . . , Vn] given by 



(2.9) 



Bi^I-D 







Zi 



i = 1, 



,n, 



is a constrained dilation of T. Since 7i is co- invariant under Vi, . . . , and Mj is co-invariant 
under the left creation operators ^i, . . . , S„, we have 



lH-Y.TiT* = Pn 



1=1 



i=l 





Iv 




\n. 



Hence, and taking into account that 1—^2 ^i^i ^ rank one operator, we deduce that 



i=l 



rank At < rank 



PMj ll-Y,SiS*]\Mj^Iv 



i=l 



< dim P. 

Now, using Theorem l2.lt we conclude that dil-ind (T) = rank At- 



□ 



Theorem 2.4. Let J ^ F^ be a WOT-closed two-sided ideal of F,^ generated by a family Vj 
of homogenous polynomials, Ti be a separable Hilbert space, and T := [Ti, . . . , Tn], Ti £ BiTi), 
be a row contraction such that 

(2.10) p(ri,...,r„) =0 for any peVj. 

Then there exists a separable Hilbert space /C^r and a * -representation vr : C*{Bi, . . . , i?„) 
B[1Ct^) which annihilates the compact operators and 

7r(5i)7r(Si)* + • • • + 7r(5„)7r(S„)* = I^,, 

such that 



(i) Ti. can be identified with a *-cyclic co-invariant subspace of K. := {Mj (8> AtTC) © ICj^ 
under the operators 



Vi 



Bi (g) /- 







AtH 
TT{Bi) 



, i = l,...,n; 



{u)T* = V*\n, i = l,...,n. 
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Proof. According to [35], if Vj consists of homogeneous polynomials, then 

range KT,r ^ A/j ® H for any r G (0,1), 

the constrained Poisson kernel Kj^T,r ■= {PjVj ®lH)^T,r is an isometry, and there is a unique 
unital completely contractive linear map 

$j,T : spaE{B^B*^ : G F+} ^ B{n) 

such that $j^T(-Ba-B^) = TaT^, a,(3 £ F^. Applying Arveson extension theorem [2] to the 
map $j,T; we obtain a unital completely positive linear map ^j^t ■ C*{Bi, . . . , Bn) — > B{'H). 
Let TT : C*{Bi, . . . ,Bn) — > B{JC) be a minimal Stinespring dilation of ^j,T) i-e., 

^'j,t(X) =P^7^(X)|H, X £C*iBi,...,Bn), 
and /C = span{7f(Ar)/i : h € 7Y}. Notice that, for each i = 1, . . . , n, 
*j,t(B,S*) = TiT* = Pn^Bi)n{B*)\n 

= PniT{B.){Pn + Pn^)n{B*)\n 

= ^MB.B*) + {Pnn{B,)\n^){P.H^n{B*)\n). 

Hence, we infer that P7^7r(i?j)|^± = and 

^j,t{B^X) = PnmB,,)^{X))\n 

(2.11) = {PHHB,.)\n){PH^{x)\n) 

= ^j,T{B^)^j,TiX) 

for any X G C*{Bi, . . . , Bn) and a S F+. Note that the Hilbert space JC is separable and H is 
an invariant subspace under each 7f(i?j)*, i = 1, . . . ,n, due to the fact that P')^7r(Bi)\i^j_ = 0. 
This means that 

(2.12) iT{Biy\n = ^j,T{B*)=T*, i = l,...,n. 

Now, since the subspace A/j contains the constants, we can apply Theorem 1 1 . 31 and deduce 
that all the compact operators CC{J\fj)) in B{Mj) are contained in C*{Bi, . . . , Bn)- According 
to Theorem 1 1.81 the representation vf decomposes into a direct sum vr = vroSvr on ^ = /Co®/C7r, 
where ttq, vr are disjoint representations of C*{Bi, . . . ,Bn) on the Hilbert spaces /Co and /C^r, 
respectively, such that 

(2.13) /Co -AO® a, 7ro(X) = X®/g, X G C*(5i, . . . , S„), 

for some Hilbert space Q, and vr is a representation such that TT{CC{Afj)) = 0. Since F^'' = 

n n 

I—Yl BiB* is a rank one projection in C*{Bi, . . . , i?„), we deduce that ^ ■K{Bi)Tr{Bi)* = Ijc^, 

i=l i=l 

and 

dimt? = dim(range7r(i-^'')). 

Using the minimality of the Stinespring representation vr and the proof of Theorem II. 3^ we 
have 

range #(i^0 = spMi{^{P^')iT{X)h : X £ C*{Bi, . . . , B^), h £ H} 
= span{^(P^'^)*(y)/i : Y£Co,hen} 



spMi{^{I^-')^BaP^'B*0)h: a,/3 G F+,/i € H} 
a) 



span{^(P^-^)*(m)/i : /? g F+, /i G H}. 
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On the other hand, using relation (j2.1ip . we have 



h,T^[l^-Y,T^n]T*ph 



i=l 



= {ATT*h,/\TT*pk) 

for any h,k gH. This shows that one can define a unitary operator A : range 7f(i^-^) ^ AtH 
by setting 

and extending it by hnearity and continuity. Therefore, we have 

dim[range7r(i-5^-')] = dim AtH = diuiQ. 



Hence, making the appropriate identification of Q with AtH- and using relations ()2.12p and 
()2.13p . we obtain the required dilation. This completes the proof. □ 

Corollary 2.5. Let V := \Vi, . . . , Vn\ he the dilation of Theorem \2.4\ Then, 

(i) V is a constrained shift if and only if T is a pure constrained row contraction; 

(ii) V is a Cuntz type representation if and only if T is a constrained row contraction 
such that 

TiT* + ■■■ + TnT* = I. 



Proof. Notice that 



\a\=k 



\a\=k 

Ik., 





lie. 



in. 



and therefore, 

SOT- TaT* = Ph 

\a\=k 

This shows that T is a pure row contraction if and only if P-hPk.. 1^ = 0. The latter condition 
is equivalent to _L (0 © /Ctt), which implies TL C Nj (8> AtTC. Now, since Afj (8) AtH. is 
reducing for each operator Vi, i = 1, . . . ,n, and IC is the smallest reducing subspace for the 
same operators, which contains Ti, we conclude that IC = J\fj <8> AtH, which proves (i). 

n 

Now assume that the dilation V is a, Cuntz type representation, i.e., ^ ViV* = Ij^- Since 



i=l 



\a\=k 



E B^B*^(^I^ 

\a\=k 

Ik. 



'AtH 



IiCq for any k = 1,2,.... Due to the fact that 



we deduce that Yl B^B^ 

\a\=k 

SOT- lim ^ BaB^ = 0, we must have /Co = {0}- Using the proof of Theorem 12.41 we 

get Q = {0}, which means At = 0. The proof is complete. □ 

Under additional hypotheses, one can obtain the following remarkable particular case of 
Theorem 12.41 where the dilation is unique up to a unitary equivalence. 
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Corollary 2.6. If in addition to the hypotheses of Theorem \2.4\ 
(2.14) span {5,5; : a, /3 G F+} = C*(5i, . . . , 5„), 

then the dilation of Theorem \2.4\ is minimal, i.e., IC = \/ VaH, and it is unique up to a 
unitary equivalence. 

Let T' := [T{, . . . ,T^], T- G B{7i'), he another row contraction subject to the same con- 
straints as T and let V' := [y/,...,!/^] be the corresponding dilation. Then T and T' are 
unitarily equivalent if and only if 



dim At W = dimAr'TL' 



and there are unitary operators A : Afj (?) AtH Mj At'II' and T : IC^^ /C^/ such that 
A{Bi (g) /^-^) = (5i (g) I^:^)A and Ttt{B,) = 7r'(5i)r for i = l,...,n, 

and 

AO , 

Q p /t = /t . 



Proof. A closer look at the proof of Theorem l2. 41 reveals that, under condition (|2.14p . the map 
^j^T is unique. Using the uniqueness of the minimal Stinespring representation (see |37j . 
one can prove the uniqueness of the minimal dilation of Theorem 12.11 The last part of this 
corollary follows using standard arguments concerning representation theory of C*-algebras 
[3j and the uniqueness of minimal completely positive dilations of completely positive maps 
of C*-algebras. □ 



In what follows we present several examples when the condition ()2.14p is satisfied. 

Example 2.7. Let Vj C by a set of polynomials and let J be the WOT-closed two-sided 
ideal of generated by Vj. The condition ()2.14p is satisfied in the following particular 
cases. 

(i) If Vj := 0, then J\fj = F'^{Hn), Bi = Si, and therefore S*Si = 6ijl. In this case, 
Theorem \2.4\ and Corollaru \2. 61 imply the standard noncommutative isometric dilation 
theorem for row contraction [21] . 

(ii) IfVj := {SiSj — SjSi : i,j = 1, . . . ,n}, then J\fj = F^, the symmetric Fock space, 
and Bi, i = \,...,n, are the creation operators on the symmetric Fock space. We 
obtain in this case the dilation theorem for commuting row contractions {see [13], [4], 
and [30]). 

(iii) If Bi, . . . ,Bn are essentially normal. 

(iv) Let Vj be a set of homogenous polynomials in F^ . According to Lemma \l.l\ UMj is a 
subspace invariant under , i = 1, . . . , n. Using the characterization of the invariant 
subspace for the left creation operators [22], there exists an essentially unique sequence 
{iPp{Si, . . . , Sn)}p=i C F^ , N = 1,2, . . . , oo, of isometrics with orthogonal ranges 
such that 

N 
p=l 

where the series is SOT-convergent if N = oo. If the above sequence is finite (N < oo) 
and ipp{Si, . . . , Sn), p = 1, . . . ,N, are in the noncommutative disc algebra An, then 
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condition ()2.14l) holds. Indeed, in this case we have 

B*Bj = PjKfjS* I -'^ipp{Si,...,Sn)^Pp{Si,...,Sn)* ) Sj\Mj, i,j = 1,... 
\ P=i 



n. 



Since S*Sj = 6ijl and Mj is invariant under S* , i = 1, . . . ,n, we deduce that B*Bj 
is in span {BaB^^ : a,/3EF^}. 

(v) IfVj := {Sa '■ \ct\ = m}, then Pj\fj = I — SaS^. In this case, we have 

\a\=m, 

B*B, = Pm.S* il-Y, So.S*A S,\Nj 

\ \a\=m I 

and B^Bj is in span{i?Qi?^ : a,/5 E F^}- 

(vi) IfVj := {Sa ■■ \a\ = m}U {SiSj - SjSi : i,j = l,...,n}. 

(vii) If Vj := {SjSi — qjiSiSj : i < j, i, j = 1, . . . ,n} for some qji G C, then B*Bj = 
'''f ^ j '^''^d B*Bi can be written as a linear combination of the identity and BjB*, 
j = 1, . . . ,n. In this case we obtain the dilation result from [7]. 

Let T := [Ti, . . . , T„], Tj G B{7i), be a row contraction and let C C F^. If T is a c.n.c. row 
contraction and ip G C, then ^(Ti, . . . ,Tn) is defined by the F^-functional calculus for row 
contractions [26J. When T is an arbitrary row contraction, then we assume that C consists 
of polynomials. 

Denote by M.c the closed span of all co-invariant spaces A4 H under Ti, . . . ,T„ such 
that 

ip{PMTi\M, . . . , PuTnlM) = for any ipeC. 
We call the row contraction 

[PMcTl\Mc,...,PMcTn\Mc] 

the maximal C-constrained piece of [Ti, . . . , T„]. 

Lemma 2.8. IfV:= [Vi, . . . , Vn], Vi G B{TC), is a row contraction then 
Mc = sp^{Va^{Vi,...,Vn)n: f£C,ae¥^}^ 

= fi ^{Vi,...,Vnrv:. 

Proof. Denote 

£ := span {Va(p{Vi, K)W : 99 G C, a G F+} 
and note that is co-invariant under Vi, . . . ,Vn. If /i G f and k ^ H, then 

= {^{Vi, Vn)k, h) = {k, ^{Vi,..., VnTh) . 

Hence, we get ip{Pi:±Vi\£^ , . . . , P£±Vn\£-^) = 0. Let M be a co-invariant subspace under 
Vi,... ,Vn such that (f{PMVi\M, ... , PmK|-A4) = 0. For any h e M and a G F+, we have 
V*h G M, therefore ip{Vi, Vn)*V*h = 0. This implies {h, Va'^{Vi, Vn)k) = for any 
A; G which shows that A4 C £-^ and completes the proof. □ 

Using this lemma and the definition of the subspace Mj, one can easily prove the following. 
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Proposit ion 2.9. Let J ^ arbitvary WOT-closed two-sided ideal of , S^, • • • > Sn 

be the left creation operators on the full Fock space F'^{Hn), and Bi := Pj^jSi\Mj, i = 
1, . . . , n. Then [Bi, . . . , B„] is the maximal J -constrained piece of [Si, ... , Sn]- 

We consider now the particular case when the row contraction T := [Ti, . . . ,T„] is pure, 
i.e., SOT- hm ^ TaT* = 0. In this case, the results of this section can be extended to a 

larger class of constrained row contractions. 

Theorem 2.10. Let J ^ F^ be a WOT-closed two-sided ideal of F^ and let [Ti, . . . ,r„j, 
Ti € B{'H), be a pure row contraction such that 

/(Ti,...,r„) = for any f e J. 

Then the following statements hold: 



(i) The constrained Poisson kernel Kj^t : Ti — A/j ® AxTi. defined by setting 

Kj,T ■■= {PMj ® I)Kt 
is an isometry, Kjt'H is co-invariant under Bi ® i = 1, . . . , n, and 

(2.15) T, = Kl^iBi ® I^)Kj^T, i = l,...,n. 

(ii) dil-ind (T) = rank At- 

(iii) // 1 € Afj, then the dilation provided by ()2.15p is minimal. 
If, in addition, 1 € Afj and 

(2.16) sp^{B^By. a,/3GF+} = C*(Si,...,S„), 
then we have: 

(iv) The minimal dilation provided by (|2.15p is unique up to an isomorphism. 

(v) The minimal dilation is the maximal J -constrained piece of the standard noncommu- 
tative isometric dilation ofT. 

(vi) A pure constrained row contraction has rank Ay = m, m = 1, 2, ... , oo, if and only 
if it is unitarily equivalent to one obtained by compressing [Bi (8) Icm, . . . , Bn <8) /c™] 
to a co-invariant subspace Ai C A/j (8) C™" under Bi Icm, . . . , Bn (8) Ic^, with the 
property that dimPoM = m, where Pq is the orthogonal projection of Nj C™ onto 
the subspace 1 C™. 

Proof. Part (i) follows from [1]. To prove (ii), let P be a Hilbert space such that Ti can be 
identified with a co-invariant subspace of Afj (8 under Bi^ Ix>, i = 1, . . . , n, and such that 
Ti = Pn{Bi (8 /©)|W for i = 1, . . . , n. Then 



H 

1=1 



In-Y.TX = P] 

= p!:f^ 



H 



i=l 
n 



1=1 



in 



j^^^^ [PmjPc\Mj(S)Iv] \n. 



Hence, rankAj^ < dim P. Using (i), we deduce that the dilation index of T is equal to 
rank Aj-. 
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Assume now that 1 G Mj. As in the proof of Theorem 11.51 we obtain 

P^'PMjea = for 

any a G F^, |a| > 1. On the other hand, the definition of the constrained Poisson kernel 
Kj^^ implies 

m 

PoKj^Th = lim V V P^'P^jea ^ ^T^h, heU, 

fc=0 \a\=k 

where Pq := P^'' ^AtH ■ Therefore, PqKj^t'H = ^t'H. Using Coroharv 11.61 in the particular 
case when A4 := Kj^t'H and V := AtH, we deduce that Kj^t'H is cyclic for Bi Ix>, 
i = 1, . . . , n, which proves the minimality of the dilation (j2.15p . i.e., 

(2.17) AO ® = V (^a ® I^)Kj,Tn. 

Now we assume that 1 G Afj and that relation (j2.16p holds. Consider another minimal 
dilation of T, i.e., 

(2.18) Ti = V*{Bi^Iv)V, 

where V : Tl ^ Afj (8) is an isometry, VH is co-invariant under Bi <^ Ixi, i = 1, ■ ■ ■ ,n, and 

(2.19) N.j(^V= \l {B^®Iv)Vn. 

We know (see |1]) that there exists a unital completely positive linear map 

$ : span{S„5; : a,/3 G F+} ^ B{H) 

such that ^{BaBp) = TaT^, a,/? G F+. Due to (|2.16p . <I> has a unique extension to 
C*{Bi, . . . ,Bn)- Consider the *-representations 

TTi : C*{Bi,...,Bn)^ BiMj^A^), tti{X) := X ® 

vra : C*{Bi, . . . ,Bn) ^ B{Mj (^V), 7r2(X) ■.= X®Iv. 

It is easy to see that due to relations (|2.15p . ()2.18p . ()2.16p . and the co-invariance of the 
subspaces Kj^t'H and VTi, we have 

<^{X) = KItT,i{X)Kj^t = V*Ti2{X)V, X G C*{Bi, . . . ,5„). 

Now, due to the minimality conditions (j2.17p and (j2.19p . and relation (j2.16p . we deduce that 
TTi and 7r2 are minimal Stinespring dilations of <I>. Since they are unique, there exists a unitary 
operator U : Afj ® ~KtH ^ Nj ®V such that 

(2.20) U{Bi /^) = {Bi Ijy)U, i = l,...,n, 
and UKj^T = ^ ■ Hence, we also have 

U(B* ® I^) = {B* ® Iv)U, i = 1, . . . , n. 

By Theorem ll.3[ C*{Bi, . . . , Bn) is irreducible, so we must have U = Ij^j <® W, where 
W G B^AtH.,!?) is a unitary operator. Therefore, dimAj-'H = dimV and UKj^t'H = VH, 
which proves that the two dilations are unitarily equivalent. 

In the particular case when J = {0}, part (iv) shows that 

S := [Si O I;^, . . . , 5„ (g) /^^] 

is a realization of the standard minimal isometric dilation of [Ti, . . . , T„] . Using Lemma 12.81 
and Proposition 12.91 one can easily see that the maximal J-constrained piece of S coincides 
with [Bi (g) . . . , S„ ® which proves (v). 
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" follows from part (i). Conversely, assume 
1, 



,n, 



Now, we prove (vi). The implication " = 
that 

Ti = P'H{Bi(^Ic^)\n, i 
where TC C A/j(8)C™ is a co-invariant subspace under Bi^I^m^ i = 1, . . . , n, with dimPo'^^ = 
(recall Pq P^^'' ® -^c™)- It is clear that T := [Ti, . . . ,T„] is a pure J-constrained row 
contraction. Consider first the case when m < oo. Since PoTi C C™" and dimPoTi = m, we 
deduce that PoH = C™. By Corollary 11.61 we have 

(2.21) H^nC"' = {0}. 



On the other hand, since /^j 



i=l 



we obtain 



rank At = rankP?^ 



= rankP^PolH = dimP^Po^ 
= dimPnC". 

If rank At < m, then there exists a nonzero vector h G with P-j-ih = 0, which contradicts 
relation (|2.2ip . Therefore, we must have rankA^ = m. 

Now, we consider the case m = oo. According to Theorem 11.51 setting S := Pq'H, we have 



which is reducing for Bi 



IC", « = 1, . 

Ti = P-niBiCS l£)\n, z = i,...,n. 
Using the uniqueness of the minimal dilation of T (see (iv)), we deduce that 

dimA^W = dimiS = oo. 

The proof is complete. 



)ICrr.)H=Mj®£, 

, n. Therefore, 

i£)\n, i = i, 



□ 



An important question remains open. Let J be a WOT-closed two-sided ideal of 
generated by a family Vj of homogeneous polynomials such that 1 G Mj and condition 
(fmi) holds. If [Ti,... , Tji] is a arbitrary J-constrained row contraction, is it true that the 
minimal dilation provided by Theorem [23] is the maximal J-constrained piece of the standard 
noncommutative isometric dilation of T ? We should mention that the answer to this question 
is positive in the commutative case, i.e., when Vj := {SiSj — SjSi : i, j = 1, . . . ,n} (see [8j). 

Under certain natural conditions on the ideal J, we can characterize the pure J-constrained 
row contractions of rank one. 

Corollary 2.11. Let J be a WOT-closed two-sided ideal of such that 1 G J\fj and 
condition (12.160 is satisfied. If M C. Afj is a co-invariant subspace under Bi, . . . Bn, then the 
n-tuple 

T:= [Ti,...,Tn], T, ■.= PMBi\M, i = l,...,n, 

is a pure J-constrained row contraction such that rank At = 1. 

If M' is another co-invariant subspace for Pi, ... , P„, which gives rise to a row contraction 
T' , then T and T' are unitarily equivalent if and only if A4 = Ai' . 

Every pure constrained row contraction with rankA-p = 1 is unitarily equivalent to one 
obtained by compressing [Pi, . . . , P„] to a co-invariant subspace for Pi, ... , P„. 
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Proof. Since A4 C Afj is a co-invariant subspace under Bi, . . . B^, we have 
/(Ti, . . . ,r„) = PM/(i?i, . . . , Bn)\M = 0, / G J, 

and 

n / \ 

Im-Y.T,T* = Pm iI^f,-Y,B^B*\\M 
1=1 \ i=i / 

Hence, [Ti, . . . ,r„] is a constrained row contraction with rank At < 1. On the other hand, 
since 

r,r: = p^ I J] s^s; j k = i,2,..., 

\a\=k \ |q:|=A; / 

and [Bi, . . . , Bn] is a pure row contraction, we deduce that [Ti, . . . , T„] is pure. This also 
imphes that Aj- ^ 0, so rankA^^ > 1. Consequently, we have rankA^ = 1- 

To prove the second part of this corollary, notice that, as in the proof of Theorem 12.101 
part (iv), one can show that T and T' are unitarily equivalent if and only if there exists a 
unitary operator A : Afj Mj such that 

ABi = BiA, for i = 1, . . . , n, and AA^ = M' . 

This implies that A commutes with C*{Bi, . . . , Bn) which, due to Theorem ll.3l is irreducible. 
Therefore, A must be a scalar multiple of the identity. Hence, we have A4 = AA4 = M'. 

Finally, the last part of this corollary follows from Theorem 12.41 and Corollay 12.61 □ 

Remark 2.12. In the particular case when n = 1, the noncommutative analytic Toeplitz 
algebra can be identified with the classical Hardy algebra H^. Every w* -closed ideal of 
H°° has the form J = (pH°° , where f G H°° is a inner function. In this case 

Mj = H^e ipH^ = ker ^{S)* . 

If T ^ B('H) is a c.n.u. contraction such that (p{T) = 0, then T is pure contraction [see 
[38]). According to Theorem \2.1\ Ti can be identified with a co-invariant subspace of J\[j® ATi 
under S, and 

T = Pn{B(^I^)\n, 
where B := -Pker</3(5)*'S'| ker (^(S*)* and S is the unilateral shift on the Hardy space H^ . 



3. Characteristic functions for row contractions and factorizations 

The purpose of this section is to provide new properties for the standard characteristic 
function associated with an arbitrary row contraction and show that 

/ - QtQt = KtK^, 

where Kt is the Poisson kernel of T. Consequently, we will show that the curvature invari- 
ant and Euler characteristic asssociated with a Hilbert module over CF^ generated by an 
arbitrary row contraction T can be expressed only in terms of the characteristic function of 
T. 

The characteristic function associated with an arbitrary row contraction T := [Ti, . . . , T^], 
Ti S B{TC), was introduce in [22j (see [38] for the classical case n = 1) and it was proved 
to be a complete unitary invariant for completely non-coisometric (c.n.c.) row contractions. 
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Using the characterization of multi-analytic operators on Fock spaces (see |27j . |31j). one can 
easily see that the characteristic function of T is a multi-analytic operator 

eT(i?l, . . . , Rn) ■■ F\Hn) Vt* ^ F^{Hn) Vt 

with the formal Fourier representation 

[Ri ^In,...,Rn® Ih] {ipHHr.) ® At*) , 



where Ri, . . . , Rn are the right creation operators on the full Fock space F'^{Hn)- Here, we 
need to clarify some notations since some of them are different from those considered in |22j . 
The defect operators associated with a row contraction T := [Ti, . . . , T„] are 

/ n \ 1/2 

At:= /w-^Tii;* £B{n) and Ay. := (/ - T*r)i/2 g ^(T^W)^ 



while the defect spaces are 2?t := AtT^ and Vt* ■= At*H^"'\ where H^^'^ denotes the direct 
sum of n copies of 7^. In what follows we need the following result. 

Lemma 3.1. // e{Ri, ...,Rn)e R^®B{n, IC), then 

SOT- lim e{rRi,...,rRn)* = e{Ri, . . . , Rn)* ■ 

Proof. We know that any multi- analytic operator Q{Ri, . . . ,Rn) with formal Fourier repre- 
sentation 

oo 

QiRi,...,Rn)^Yl Yl ^"^^W' e^^)eB{n,ic), 

fc=0 |a|=A: 

has the property that 

oo 

G(i?i,...,ii„) = SOT-lim^ ^ rl"li?„0 0(,), 

^ k=0\a\=k 

where the series converges in the uniform norm for each r G (0, 1). Now, note that for every 

j3 h £n, and g G F'^{Hn) (E> IC), we have 

{Q{Ri,...,Rn)*iep®h),g) = {ep h,Q{Ri, . . . ,Rn)g) 

= lep(^hA ^ Ra® 0(^a) 1 9 ) 
\ \aeF+,|a|<|/3| / / 

^aeF+,la|<l/3| / / 



Therefore, 



9(^1, . . .,Rn)*{et3 ® /i) = I Yl ^« ® ^U) 1 ® 
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Similarly, we have 

\aeF+,|a|<|/3| / 

Using the last two equalities, we obtain 

\ime{rRi,...,rRn)*{e3®h) = @{Ri, . . . ,Rn)*{e3 ® h) 

r — ^1 

for any /? G F+ and h & H. On the other hand, according to the noncommutative von 
Neumann inequality, 

\\e{rRi,...,rRar\\<\\e{Ri,...,Rny\\ for any rG(0,l). 

Hence, and due to the fact that the closed span of all vectors Ca 'Si h with (3 E h e H, 
coincides with F^{Hn) <8) H, we deduce (using standard arguments) that 

SOT- lim e(ri?i, . . . , rR^)* = e{Ri, ...,Rn)*. 

1 — >i 

The proof is complete. □ 

The following factorization result will play an important role in our investigation. 
Theorem 3.2. Let T := [Ti, . . . ,T„], Tj G B{H), be a row contraction. Then 
(3.1) / - eT@T = KtK^, 

where @t is the characteristic function of T and Kt is the corresponding Poisson kernel. 

Proof Denoting f := [IF^{Hr^) ® , lF^{Hr,) ® ^n] and R := [Ri ® In, ■ ■ ■ ,Rn ® Ih], the 

characteristic function of T has the representation 



(3.2) eT(i?i,...,i?n) = SOT-lim 

) — >i 



-T + [lF2^Hr,)®n - rkf*^ rRAf 



Define the operators 

A := f*, B := Af., C := Af, D := -f, and Z := rR, < r < 1, 
and notice that 









Af,\ 








-f) 



is a unitary operator. Therefore, 

(3.3) AA* + BB* = /, CC* + DD* = 7, and AC* + BD* = 0. 

Define 

$(Z) := LI + C(/ - ZA)-^ZB 
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and notice that using relation (13. 3p . we have 

/ - $(Z)$(Z)* = / - DD* - C(I - ZAy^ZBD* - DB*Z*{I - A*Z*)-^C* 

- C{I - ZAy^ZBB*Z*{I - A*z*y^c* 

= CC* + C{I - ZA)-^ZAC* + CA*Z*{I - A*Z*Y^C* 

- CiJ - ZA)-^ZZ*{I - A*Z*)-^C* 

+ C{I - ZA)-^ZAA*Z*{I - A*Z*)-^C* 
= C{I - ZA)'^ [{I - ZA){I - A*Z*) + ZA{I - A*Z*) 

+ (/ - ZA)A*Z* - ZZ* + ZAA*Z*] {I - A*Z*)-^C* 
= C{I - ZAy\l - ZZ*){I - A*z*)-^c*. 
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Therefore, 
(3.4) 



/ - $(Z)$(Z)* = C{I - ZA)-^{I - ZZ*){I - A*Z*)'^C*. 



Therefore, according to our notations, for any r E (0, 1), the defect operator 

/ - QrirRi, rRn)eT{rRi. • • • , ri?„)* 

is equal to the product 

A^(/ - rRf*y^{I - r^RR*){I - rfR*)-^Af 



(10 At) il -r^Ri^T* 



2=1 



.A:=0 |7|=fc 



\ i=l J 

(^I -rJ2R*^Ti] {10 At) 

' n \ ■ 

/ - r2 ^ RiR* / 



1=1 



P=0 |/31=p 



= E E ^'^'""""'^T M - E % ® At^T^At. 

fc,p=0 |7|=fe,|/3|=p V i=l / 

Now, for every a,u € F+, h € T>t, k S "Dt, we have 

([/ -QTirRi, . . . ,rRn)@T{rRi, ■ ■ . ,rRn)*]{ea «> h), (g) k) 

7eF+,|7|<|a;|/3GF+,|/3|<|a| \ \ 



i=l 



Using Lemma |3.H we have 



SOT- lim eT{rRi,...,rRn)* = @T{Ri,---,Rn 



Therefore, the above computations imply that 



30 



GELU POPESCU 



([/ - @t{Ri, ...,Rn) QriRi, . . . , Rn)*]{ea h), A;) 

= Yl Yl {R-yPcR}ea,e^)(^ATT^T^ATh,k'^ 

7GF+,|7|<|a;|/3GF+,|/3|<|Q| 

= J2 {Ry{l),e^){ATT^TaATh,k) 

■y&t,h\<H 
= {ArT^T^ATh, k) . 

Here, we used the fact that PcR*pea ^ if and only if /3 = q (recall that a is the reverse 
of a), and that R-y^l) = 7- On the other hand, using the definition of the Poisson kernel 
associated with a row contraction, we deduce that K^{ea ^ h) = TqAt and 

{RxK^iea ®h),e^®k) = (ETtTqAt/i, (g) A;) 

= / ^ O ATT*TaAh, e^®k\ 

= {AtUTo^AtK ® k) 
for any h,k £ T>t and a, u; G F+. Summing up the above computations, we deduce that 

/ - eriRi, . . .,Rn)eT{Ri, . . . , RnT = KtK^, 
which completes the proof. □ 



by 



We recall that the spectral radius of an n-tuple of operators X := [Xi, . . . , Xn] is defined 



r{X) := lim 

fc— >oo 



\a\=k 



l/2k 



A closer look at the proof of Theorem 13.21 reveals the following factorization result. We 
should add that the operator / — XT* is invertible because r{X) < 1. 

Corollary 3.3. Let T := [Ti,...,T„], Ti E B{TL), he a row contraction and let Qt be its 
characteristic function. If X := [Xi, . . . ,Xn], Xi € B{fC), is a row contraction with spectral 
radius r{X) < 1, then 

Ik^Vt - ©t(^i, . . . ,X„)Gt(Xi, . . .,Xnr = Af{I - Xf*)-\I - XX*){I - fX*)-^Af, 
where X := [Xi Cg) , Xn In] o,nd the other notations are from the proof of Theorem 



Let CF+ be the complex free semigroup algebra generated by the free semigroup with 
generators gi, . . . ,gn and neutral element gQ. Any n-tuple Ti, . . . , T„ of bounded operators 
on a Hilbert space ?i gives rise to a Hilbert (left) module over CF^ in the natural way 

f-h:=f{Ti,...,Tn)h, feC¥t,hen. 

We say that is a contractive CF^-module if T := [Ti, . . . , T„] is a row contraction, which 
is equivalent to 



\\gi • /ii H \-gn- hnf < ||/ll||^ H h ||/in||^, hi,..., hn £ H. 
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We say that H. is of finite rank if rank ("H) := rank Ay < oo. The curvature invariant and 
Euler characteristic associated with an arbitrary row contraction T (or the Hilbert module 
H associated with T) were introduced and studied in [32] and [15]. We recall that 

trace [/-<l>y(/)] 

curv [I ) = hm t- 

m^oo 1 + n + • • • + n™ ^ 

and 

_ ^.^ rank [1-^^(1)] 

n 

where is the completely positive map associated with T, i.e., <I>5-(X) := ^ TiXT*. 

i=l 

Using Theorem 13.21 and some results from [32] , we can show that the curvature and the 
Euler characteristic of a row contraction T can be expressed only in terms of the standard 
characteristic function Qt- 

Theorem 3.4. Let T := [Ti, . . . ,T„], Tj E B{'H), be a row contraction with rank Ay < oo, 
and let curv (T) and x{T) denote its curvature and Euler characteristic, respectively. Then 

,rj.. , . y trace [eT9^(Pn^ ® I)] 
curv [1 ) = rank Ay — iim 

and 

rank[(/-GTe^)(P<™®I)] 



X{T) = lim 



1 + n + • • • + n' 



m— 1 



where Pm {resp. P<m) is the orthogonal projection of the full Fock space F'^(Hn) onto the 
subspace of all homogeneous polynomials of degree m {resp. polynomials of degree < m). 

Proof. According to Theorem 2.3 and Corollary 2.7 from [32j, we have 

,. iiace[KTK*T{Pm®I)] 
curv (i ) = lim . 

Using the factorization result of Theorem 13.21 the first result follows. 
Now, according to Theorem 4.1 of [32], we have 

(3.5) x(r) = lim ""■'l(/^f(P<.«/)AV] 

Since K^[P<m ® I) has finite rank, we have 

rank [{K^{P<m I)Kt] = rank [K^{P<m ® I)]- 
On the other hand, since Kt is one-to-one on the range of K^{P<_m ® I), we also have 

rank [/C^(P<„ /)] = rank [KTK^{P<m I)]- 
Hence, using relation (|3.5p and Theorem 13. 2t we complete the proof. □ 
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4. Characteristic functions and models for constrained row contractions 

In this section, a constrained characteristic function is associated with any constrained 
row contraction. For pure constrained row contractions, we show that this characteristic 
function is a complete unitary invariant and provide a model in terms of it. We also show 
that Arveson's curvature invariant and Euler characteristic asssociated with a Hilbert module 
over C[zi, . . . ,Zn] generated by a commuting row contraction T can be expressed only in terms 
of the constrained characteristic function of T. 

Let J be a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz algebra 
generated by a family of polynomials Vj. We define the constrained characteristic func- 
tion associated with a J-constrained row contraction T := [Ti, . . . , T„], Tj e B{TC), to be the 
multi-analytic operator (with respect to the constrained shifts Bi, . . . ,Bn) 

Gj,t(VFi, ...,Wn) :Afj(^VT' ^Mj® Vt 

defined by the formal Fourier representation 

-Ij^j®T + {Imj ® At) (^Ixj^h -YlWiC^T*^ [Wi In, ■ ■ ■ ,Wn In] {Ij^j «> Ay, ) • 

Taking into account that A/j is a co-invariant subspace under Ri, . . . , Rn , we can see that 
Qj^T is the maximal J-constrained piece of the standard characteristic function Qt of the row 
contraction T. More precisely, we have 

eT{Ri,...,RnT{J^j^VT) <^Mj^Vt' and 

^^■^^ PKj^VrQriRl, . . .,Ra)\Nj®VT* = @J,t{Wi, . . .,Wn). 

Let us remark that the above definition of the constrained characteristic function makes 
sense (and has the same properties) when J is an arbitrary WOT-closed two-sided ideal of 
and T := [Ti, . . . ,T„] is an arbitrary c.n.c. J-constrained row contraction. 

Theorem 4.1. Let J ^ F^ he a WOT-closed two-sided ideal of F^ generated by a family 
of polynomials Vj. Let T := [Ti,...,r„], Ti £ B{7i), he a J-constrained row contraction. 
Then 

(4.2) iMj^v-r - Q.J,tQ\t = Kj,tKIt, 

where Qj^t is the constrained characteristic function of T and Kj^t is the corresponding 
constrained Poisson kernel. 

Proof. The constrained Poisson kernel associated with T is Kjt ■ 'H Nj ® AxTi. defined 
by 

(4.3) Kj,T:=iPMj®I^}KT, 

where Kt is the standard Poisson kernel of T. According to the proof of Theorem 12.11 
range Kt C A/j (8) AtH. Using Theorem 13.21 and taking the compression of relation ()3.ip to 
the subspace J\fj (X) Dt C F'^{Hn) T>t, we obtain 

I^j^Vt - PNj®VtQt{Ri, R^)eTiRi, . . . , RnT\Mj ®Vt = Pjs[j®VtKtK^\Nj ® Vt. 
Taking into account relations (14.11) . (j4.3p . and that W* = R*\Mj, i = 1, . . . , n, we infer that 

□ 

As in the proof of Theorem 14. H one can use Corollary 13.31 to obtain the following con- 
strained version of it. 
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Corollary 4.2. Let J ^ he a WOT-closed two-sided ideal of generated by a family 
of polynomials Vj and let T := [Ti, . . . ,r„], Tj € B(H), be a J -constrained row contraction. 
If X := Xi € B{K.), is a J -constrained row contraction with spectral radius 

r{X) < 1, then 

Wt - 0J,t(^i, . . . ,X„)ej,T(Xi, . . . ,X„)* = A^(/ - xf*)-\i - XX*){I - fX*)-^Af, 
where X := [Xi <S) In, ■ ■ ■ In] o?^^ i^e other notations are from the proof of Theorem 



Now we present a model for pure constrained row contractions in terms of characteristic 
functions. 

Theorem 4.3. Let J ^ F^ be a WOT-closed two-sided ideal of F^ and T := [Ti, . . . , T„] be 
a pure J -constrained row contraction. Then the constrained characteristic function 
&j,T £ y^{Wi, . . . ,Wn)(^B{'DT* j'Dt) is a partial isometry and T is unitarly equivalent to 
the row contraction 

(4.4) [Pmj,TiBi IvtWj,t, ■ ■ .,Pmj,ABn ® IvrMj^T] , 

where Pmjt the orthogonal projection of Nj Vt on the Hilbert space 

^J,T ■■= {Mj Vt) e Qj,t{Mj ®Vt*). 



Proof. According to Theorem 12.101 the constrained Poisson kernel Kj^t '■ A/j (8> AxTi. is 
an isometry, Kj^t'H is a co- invariant subspace under Bi (g) i = 1, . . . , n, and 

(4.5) Ti = KlT{B^®I^)KJ,T, i = l,...,n. 



Consequently, Kj^tKjt ^he orthogonal projection of A/j AtH onto Kj^t'H. According 
to Theorem 14.11 relation (j4.2p shows that Kj^tKjt ©J.TQjr are mutually orthogonal 
projections such that 

Kj,tK*jt + Qj,tQ*j^t = Imj®K:Fh- 

Therefore, 

Kj^tH = {Mj ® Vt) e Qj,t{Mj ®Vt*), 

Now, since Kj^t is an isometry, we identify Ti with M.j^t '■= K,j,t'H and, using (j4.5p . we 
deduce that T is unitarily equivalent to the row contraction given by ()4.4p . This completes 
the proof. □ 

Let ^ G W{Wi, . . . ,Wn)^B{Ki,K2) and G W{Wi, . . . ,Wn)®B{K[,lC'2) be two multi- 
analytic operators with respect to Bi,. . . ,Bn. We say that ^ and coincide if there are 
two unitary multi-analytic operators Uj : A/j JCj A/j (X) IC'j such that the diagram 

Afj (g) /Ci > Mj (g) /C2 



Ui 



U2 



Mj®K,[ Mj(®}C'2 
is commutative, i.e., <I>'[/i = U2^. Since 

C/j (5i ® /ci ) = (5* ^IkO^j, ^ = 1, ■ 
and C/j are unitary operators, we also deduce that 

Uj {B* ® ) = {B* ®I^>^)Uj, i = l,...,n. 



n, 
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Taking into account that C*{Bi, . . . ,Bn) is irreducible (see Theorem 1 1.3p . we conclude that 

Uj = I^fj®Tj, j = l,2, 

for some unitary operators tj e B{ICj,)Cj). 

The next result shows that the constrained characteristic function is a complete unitary 
invariant for pure constrained row contractions. 

Theorem 4.4. Let J ^ be a WOT-closed two-sided ideal of and let T := [Ti, . . . , r„], 
Tj € B(H), and T' := [T{, . . . ,T^], T/ G B{7i'), he two J -constrained pure row contractions. 
Then T and T' are unitarily equivalent if and only if their constrained characteristic functions 
Qj^T o,nd Qj^T' coincide. 

Proof. Assume that T and T' are unitarily equivalent and let U : Ti ^ TC' he a unitary 
operator such that Tj = U*TlU for any i = 1, . . . , n. Simple computations reveal that 

UAt = At'U and (e^=iC/)AT. = A^'* (er=iC/). 

Define the unitary operators r and r' by setting 

T := U\Vt ■■ Vt ^ Vt' and t' := {ei=iU)\VT* : Vt* ^ Vt'* . 

Taking into account the definition of the constrained characteristic function, it is easy to see 
that 

{lAfj t)Gj,t = &j,t'{IMj ^ t'). 

Conversely, assume that the characteristic functions of T and T' coincide. According 
to the remarks preceding the theorem, there exist unitary operators r : Vt Dx' and 
T^, : Vt* — > "Dt" such that the following diagram 

Mj ® Vt* — ^ Afj Vt 

Mj ®Vrp,* ) J\fj ® 

is commutative, i.e., 

(4.6) {I^fJ (g) r)$j,T = ^j,t'{IMj ® n). 

Hence, we deduce that 

r := {I^j r)|IHj,T : Hj,t ^ Hj,r' 

is a unitary operator, where Hj^t and Hj^t/ are the model spaces for T and T', respectively 
(see Theorem 14. 3p . Since 

{B* ® IvtWMj ® r*) = (I^fj T*){B* ®Iv^,), i = 1, . . . , n, 

and H j^T (resp. Hj^r/) is a co-invariant subspace under i3j(g)/x)j, (resp. Bi®lT>,^,), i = l,...,re, 
we deduce that 

[{B* ^ Ivrmj,T] r* = T* [{B* ^ Iv^,mj^T'] , i = l,...,n. 
Hence, we obtain 

r [Ph,,^ (B, ® Iv^) |IHj,t] = [Ph,,^, [B, Iv^,) |EIj,T'] r, i = l, . . . , n. 

Now, using Theorem 14. 3^ we conclude that T and T' are unitarily equivalent. The proof is 
complete. □ 
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Theorem 4.5. Let J be a WOT-closed two-sided ideal of such that 1 G J\fj and condition 
()2.14p is satisfied. If M ^ Mj is an invariant subspace under Bi, . . . ,Bn, and 

T := [Ti, . . . ,Xn], Ti:= Pj^±Bi\M^, i=l,...,n, 

then 

M = @j,t{Mj^'Dt*), 
where Qj^t is the constrained characteristic function of T . 

Proof. According to Corollarv l2.11t T is a pure J-constrained row contraction with rank At = 
1. Therefore, we can identify the subspace Vt with C. Hence, and due to Theorem 14.3^ we 
have 

Hj,r = MjQ Qj,T (AO Vt' ) 
and T is unitarily equivalent to 

[-PHxT-Bipj^r, • • • , PRj^T^n\^J,T] ■ 

Using again Corollarv l2.11l we deduce that Mj^t = -M.^ and therefore A4 = ©j,t (A/j (S> Vt*)- 
This completes the proof. □ 

Remark 4.6. All the results of this section apply, in particular, to the cases discussed in 
Example \2. 7\ 

The commutative case. As mentioned in Example 12.71 if 

'Pjc '■= {SiSj - SjSi : i,j = l,...,n}, 
then Mj^ = Fg, the symmetric Fock space, and Bi := Pp2Si\p2, i = 1, . . . , n, are the creation 
operators on the symmetric Fock space. Arveson showed in |lj that F'^ can be identified with 
his space H^, of analytic functions in ]B„, namely, the reproducing kernel Hilbert space with 
reproducing kernel Kn : Bn x B„ — > C defined by 

Kn{z,w) := — ^ , Z,W ^Mn- 

The algebra W!^ := Pp2F^|p2, was proved to be the u)*-closed algebra generated by the 
operators Bi, i = 1, . . . ,n, and the identity (see [1]). Moreover, Arveson showed in [3] that 
can be identified with the algebra of all multipliers of H^. Under this identification 
the creation operators . . . , B^ become the multiplication operators M^^ , • • • , by the 
coordinate functions zi, . . . , Zn of C". 

Let T := [Ti, . . . ,T„], Tj G B{TC), be a Jc-constrained row contraction, i.e., 

TjTj — TjTi, i,j — \, . . . , n. 

Under the above-mentioned identifications, the constrained characteristic function of T is the 
multiplier (multiplication operator) Qj^^t '■ 'S> 'Dt* — > <8> 'Dt defined by the operator- 
valued analytic function on the open unit ball 

B„ := {z := (zi, . . . , Zn) € : \z\ = {\zi\^ + ■■■ + \zn\^f'^ < 1}, 

given by 

0Jc,t(z) := -T + Aril - z^T^ z^T^y^iziIn, • • • , ZnIn]AT', z G B„. 

For sake of simplicity, we are going to use the same notation for the multiplication operator 
Mqj^ ^ G B{H'^(^Vt* , H'^(^Vt) and its symbol 9 j^,t, which is a B{Vt* , r'T)-valued bounded 
analytic function in B„. 

All the results of this section can be written in this commutative setting. 
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Using Theorem 14. 1 1 and Corollary 14. 21 (in the commutative case) and some results from |32j . 
we show that Arveson's curvature and Euler characteristic associated with a commutative row 
contraction T with rank Ay < oo can be expressed in terms of the constrained characteristic 
function Gj^,t- 

Theorem 4.7. Let T := [Ti,...,T„], Tj G B{7i), he a commutative row contraction with 
rank At < oo, and let K(T) and x(^) denote Arveson's curvature and Euler characteristic, 
respectively. Then 

K{T) = [ lim trace [I - ej^,TH)ej^,THy]da{0 

= rank At^ — (n — Ij! hm , 

where Qm is the projection of onto the subspace of homogeneous polynomials of degree m, 
and 

rank 

x(T) = n\ lim 

m-^oo ui"' 

where Q<m is the projection of onto the subspace of all polynomials of degree < m. 
Proof. Using the factorization result of Corollary 14.21 in our particular case, we obtain 

i-QjMz)ej^,T{zr 

= (1 - |zp)Ar(/ - ziTi* ZnT*)-\l -ziTi z^Tn)-^ 

for any z G B„. 

The first formula follows from the definition of the curvature [5] and the above-mentioned 
factorization for the constrained characteristic function of T. Using Corollary 2.4. and 
Corollary 2.8 from [32], we have 

trace [{Pm ® I)KTK^{Pm ® I)\ 



I-Qj^^T^Xt] {Q<m^Iv. 



K{T) = (n- 1)! lim 



m" 1 ' 



where Kt is the Poisson kernel of T and Pm is the orthogonal projection of F (Hn) onto 
the subspace of all homogeneous polynomials of degree m. Since T is a commutative row 
contraction, i.e., Jc-constrained, we have range C ^ Dt and the constrained Poisson 
kernel satisfies the equation Kj^^t = (-fVf ® I)Kt, where F^ is the symmetric Fock space. 
Using the standard properties for the trace and the above relation, we deduce that 

(A7^ T^(T^ I ^^^v trace [Kj„TKX,r(Qm /)] 
(4.7) K{T) = [n- 1)! hm , 



m" 

where Qm '■= Pp'iPmWs is the projection of F"^ onto the subspace of homogeneous polyno- 
mials of degree m. According to Theorem 14. H we have 

(4.8) I-Qj^^tQX,t = Kj^,tKX^t- 

Taking onto account relations ()4.7p and (j4.8p . we deduce the second formula for the curvarure. 
Here, of course, we used Arveson's identification of the symmetric Fock space F'^ with his 
space . 

Arveson [5] showed that his Euler characteristic satisfies the equation 

rank[/-c|>-+i(/)] 
X{T) = n\ hm , 

m^oo m 
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where $r is the completely positive map associated with T. We proved in [S^ (see Corollary 
4.3) that 

(49) x(T)=n!lim -MA-J(P<™ « /)AV1 



m" 

72, 



where P<m is the orthogonal projection of F (Hn) on the subspace of all polynomials of 
degree < m. Using again that range C (8i I't and the constrained Poisson kernel 
satisfies the equation Kj^^t = {Pp^ ® I)Kt, we deduce that 

rank [K^{P<.m I)Kt\ = rank [K^{Pf2 ® I){P<m «) I)Pf2 I)Kt] 

= rank [i^X^^(Q<„ /)i^j„T] 

= rank [K}^ j,{Q<rn ® I)] 

= rank [Kj^^YKX,T{Q<m O , 

where Q<m is the projection of F^ onto the subspace of all polynomials of degree < m. The 
last two equalities hold since the operator Kj^ rpiQ<^ ® ^) finite rank and Kj^^t is one- 
to-one on the range of Kj^ rp{Q<m I)- Now, using relation (j4.9p . the above equalities, and 
the factorization (|4.8p . we obtain the last formula of the theorem. The proof is complete. □ 



5. COMMUTANT LIFTING THEOREM FOR CONSTRAINED ROW CONTRACTIONS 

In this section we provide a Sarason [36] type commutant lifting theorem for pure con- 
strained row contractions and obtain a Nevanlinna-Pick [18j interpolation result in our set- 
ting. Let [Ti, . . . ,T„], Ti G B(H), be a pure row contraction, and let J be a WOT-closed 
two-sided ideal of F^ such that 

(5.1) (/?(Ti, . . . ,r„) = for any ip{Si, . . . , Sn) € J, 

where ^{Ti, . . . ,Tn) is defined using the -F^-functional calculus for row contractions. Ac- 
cording to Section [21 any pure constrained row contraction is unitarily equivalent to the 
compression of [Bi (g) Ijc, ■ ■ ■ ,Bn ^ Ik.] to a co-invariant subspace £ under each operator 
Bi Ijc, i = 1, . . . ,n. Therefore, we have 

Ti = P£{Bi0lK)\£, i = h...,n. 

The following result is a commutant lifting theorem for pure constrained row contractions. 

Theorem 5.1. Let J ^ F^ he a WOT-closed two-sided ideal of the noncommutative analytic 
Toeplitz algebra F^ and let [Bi, . . . , Bn] and [Wi, . . . , Wn] be the corresponding constrained 
shifts acting on J\fj. For each j = 1, 2, let fCj be a Hilhert space and £j C J\fj ICj be a co- 
invariant subspace under each operator Bi (g) i = 1, . . . ,n. If X : £i ^ £2 is a bounded 
operator such that 

(5.2) X[Pe,iBi0I|C^)\£^] = [P£2iB^0IJC2)]\e2X, i=l,...,n, 
then there exists 

G{Wi,...,Wn) G W{Wi,...,Wn)m{JCi,JC2) 

such that G{Wi, Wn)*£2 ^ £1, 

G{Wi,...,Wnr\£2 = X\ and \\G{Wu . . . ,Wn)\\ = \\X\\. 

In particular, if £j := Q ®lCj, where Q is a co-invariant subspace under each operator Bi and 
Wi, i = 1, . . . ,n, then the above implication becomes an equivalence. 
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Proof. According to Lemma ll.H the subspace A/j ICj is invariant under each operator 
S* f^I/Cj, i = l,... ,n, and 

(S* /x;,)|AO ® ICj = B* i = l,...,n. 

Since £j C A/j (8) fCj is invariant under B* ® Ij^. it is also invariant under S* ® IjQ. and 

{S* ^ Ik, ) \£j = {B* ^Ik,)\£j, i = l,...,n. 

Hence, relation (j5.2p implies 

(5.3) XPs,{Si®lK,)\£,=Ps,iS^(i^lK:,)\£,X, i = l,...,n. 

For each j = 1, 2, the n-tuple [Si IiCj, . . . ,Sn ^ IjCj] is an isometric dilation of the row- 
contraction 

[Pe, {Si ^lK:,)\£j,..., Ps, (^n ® Ik, ) \£j]- 
Applying the noncommutative commutant lifting theorem ( [21] , |24j ) , we find a multi-analytic 
operator . . . , G i?^(g)S(/Ci, /C2) such that . . . , i2„)*£'2 C ^T^, 

(5.4) $(i?i,...,i?„)*|f2 = A% and ||«>(i?i, . . . , ii„) || = || A||. 

Let G(VKi, . . . , VF„) := Pj^fj^jc^^^Ri, ■ ■ ■ , Rn)\J^j®K,i- According to the remarks preceding 
Theorem 11.21 we have 

G{Wu...,Wn) G [PMjRnWMB{}Ci,lC2)=W{Wi,...,Wn)^B{}Ci,IC2). 

Since ^{Ri, . . . , Rn)*{Mj IC2) C A/j /Ci and £j C TVj (g) ICj, relation (f5^ implies 

G{Wu...,Wny£2^£i and G{Wu . . . ,Wny\£2 = X* . 
Hence, and using again ()5.4p . we have 

||A|| < \\G{Wi, . . . ,Wn)\\ < \mRi,...,Rn)\\ = \\X\\. 

Therefore, \\G{Wi, . . . ,Wn)\\ = \\X\\. 

Now, let us prove the last part of the theorem. The implication " " is clear from the 
first part of the theorem. For the converse, let X = Pg^)C2'^(Wi, . . . , VFn)|^/ (8 JCi, where 
^iWi,...,Wn) G W{Wi, . . . ,Wn)®B{ICi,IC2). Since 5, VF,- = WjBi for i,j = l,...,n, we 
have 

{B* Ik,)^{Wi, ...,Wnr = ^{Wi, . . . , WnYiB* ®Ik,), t = l,...,n. 

Now, taking into account that Q is an invariant subspace under each of the operators B* and 
W* , z = 1, . . . , n, we deduce (15. 2p . The proof is complete. □ 

Corollary 5.2. Let J 7^ F!^ he a WOT-closed two-sided ideal of the noncommutative analytic 
Toeplitz algebra and let Bi, . . . , Bn and Wi, . . . ,Wn be the corresponding constrained 
shifts acting on Mj . If K is a Hilbert space and Q C A/j is an invariant subspace under each 
operator B^ and W* , i = 1, . . . ,n, then 

{[PgW{Bi, . . . , Bn)\g] ® IkY = [Pgyv{Wi, . . . , Wn)\g]miic). 

We remark that Theorem 15 . 1 1 can be extended to the following more general setting. The 
proof follows exactly the same lines so we shall omit it. 

For each j = 1,2, let Jj be a WOT-closed two-sided ideal of F^ and let [b[^\ . . .,B^J'^] 
be the corresponding constrained shift acting on Mj-. Let £j C Mj- JCj be an invariant 

subspace under each operator B^-'^ ® I^p i = l,...,n, where ICj is a Hilbert space. If 
X : £^1 — > £"2 is a bounded operator such that 

XPe,{Bf^ ® Ik,)\£, = P£,{bP /cJl&A, i = 1, . . . ,n. 
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then there exists G G [Pj\fj_^R'^\Mj^]^B{K,i,'IC2) such that 

P£^G\£i=X and ||G|| = 

Now we can obtain the following Nevanlinna-Pick interpolation result in our setting. We 
only sketch the proof which is similar to that of Theorem 2.4 from [T| but uses Theorem 15. 11 
and point out what is new. 

Theorem 5.3. Let J he a WOT-closed two-sided ideal of and let Bi, . . . , Bn be the 
corresponding constrained shifts acting on Mj. Let Ai, . . . , Afc be k distinct points in the zero 
set 

Zj := {A € B„ : /(A) = for any f G J}, 

and let Ai, . . . , Ak G B{IC). Then there exists ^{Bi, . . . ,Bn) G yV(i?i, . . . , Bm)'^B{JC) such 
that 

\\^{Bi,...,Bn)\\<l and ^{Xj) = Aj, j = 1, . . . ,k, 
if and only if the operator matrix 

iK-AiA* 



(5.5) 

is positive semidefinite. 



l-{Xi,Xj) 



kxk 



Proof. Let Xj := {Xji, . . . , Xjn) G j = l,...,k, and denote Xja := >^jh>^ji2 ■ ■ ■ ^jim if 
a = ghQn ■■■9im e I^n > and Xjg^ := 1. Define 



^ '] Xjoidaj j — 1,2, . . . , k. 



Notice that, for any f J, X (z Zj, and a, /5 G F^, we have 

. . . , Sn)Sp]{l), zx) = A,/(A)A^ = 0, 

which implies z\ G Afj for any A G Zj. Note also that, since B* = S* jA/j for i = 1, . . . , n, we 
have 

B*zx^ = Xjizx^ for i = l,...,n, and j = l,...,k. 

Define the subspace 

M := span{zA^, : j = l,...,k} 

and the operators Xi G B{Ai (8) JC) by setting Xi = Pm^iIm ^K., i = 1, ■ ■ ■ ,n. Since 
zxj^, ■ ■ ■ , zxf. are linearly independent, we can define an operator T G B{A4 JC) by setting 

r*(zA, /i) = zx^ (^A*h 

for any /i G /C and j = 1, . . . ,k. Notice that TXi = XiT for i = 1, . . . ,n. 

Since is a co-invariant subspace under each operator Bi, i = 1, . . . ,n, we can apply 
Theorem O and find ^{Wi, . . . , W„) G W{Wi, Wn)^B{)C) such that 

(5.6) <^{Wi,...,WnyMcM, <i>iWi,...,WnT\M = T*, 

and ||$(W^i, . . . , W„)|| = ||T||. As in [l], one can prove that <I>(Aj) = Aj, j = l,...,k, if 
and only if I^M) holds. Moreover, \\^{Wi, Wn)\\ < 1 if and only if TT* < Im, which is 
equivalent to the fact that the operator matrix (j5.5p is positive semidefinite. This completes 
the proof. □ 

We should remark that in the commutative case when J = (see Example 12.71 part (ii)), 
we recover the result obtained in [l], [29], and [12] . 
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